Geometric Objects -
Spaces and Matrix

Spaces
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o 9WH &1 (Vector space)
n Ao} 2 72} (scalars) 2t W E (vectors)E 7FA AL St}
= Scalars: o, B, 8
m Vectors:u, v, w
o o] 321 37t (Affine space)
= 9 EF 1o H(points)©] F7HEl T}
= Points: P, Q, R
o &2 = &7 (Buclidean space)
= 72| 7l (Concept of distance)©] 57} t}.

Scalars

o S, FA hstel ma H, Ag

i
M
=
it
N
oX,
i)

" o+P=Bf+a
moef=Fea
mat+Pry)=(a+p)+y
moe(Bey)=(aef)ey
moe (Bry=(aep)+(aey)

o A &5 9 (identity) 02 541 51
ma+0=0+0a =a
moel=1lea=qa

o HAe] o (inverse)Z} 54l 9] o
B o+ (-0)=0
moeq =

Vectors

o ¥ & 3 7](magnitude =2 length) 9} *3F (direction) <

7FA AL Q)
O &% (velocity)Y 3 (force)? 22 =
o AFE L 2ol A ol= kg A
segments) # E] o] o},
o WH = & 7F ol a1 9] A (position) & 24| &

o W olul.
2

(directed line




Points

Specifying Vectors

0 4 (points) & 7toll A 2] $1 4] (position) & ZH=t.

o 8% M ofe] 14
= -7 WA (point-point subtraction)> ¥ € & THET}
» A-9E B4 (point-vector addition)> %S TH=T}

P=Q+v

O 2D Vector: (x, y)
O 3D Vector: (x, y, z)

ty
ty

0,0,0)| (1,-3,-4)

+x

2D Vector *z

3D Vector
43 0(0, 0,014 3 P(1, -3, -4) = Fdh=

W) H

=

Examples of 2D vectors

Vector Operations

ty
Vector [3,0]
Vector [2,1]
/ -~
Vector{=1; =4} /
Vector:[3, 0
x . +x
Vectar [2, -5]
Vector {0, 4]
Vector [-2, 3
Jectar [2, 3] \
Point (2,-5)

zero vector

vector negation
vector/scalar multiply
add & subtract two vectors
vector magnitude (length)
normalized vector
distance formula

vector product
= dot product
m cross product

OOooooOoooao




The Zero Vector

o 3%k G H Y (zero vector)+ (0, 0, 0)

o]},

o 9HE = 03 7] (zero magnitude) S

7FA AL 9l
o U= Ree 71
(no direction).

AL A et

Negating a Vector

-(ay, ay ag, ..., a,) = (-ay, -ay -ag, ..., -a,)
O 2D, 3D, 4D ¥ E] ¢] &< (negation)
(%, y) = (%, -y)
-y, 2) = (%, -y, -2)
- Y,z w) = (-x, -y, -z, -w)

22 ©,3)

EEWHvE S5 -vE 7N kv + («v) =0

(3,5 -1)

(-2,-2) (0, -3)

Vector-Scalar Multiplication

o 9E 2z 5y
a*(x,y z)=(ox, ay, az)
o ¥ 27 1)
1/ a*(x, y, 2) = (%o, y/o, z/0)
o o A
2*(4,5,6)=(8,10,12)
2*(4,5,6)=(2,25,3)
-3*(-5,0,04)=(15,0,-1.2)
3u+tv=_>Cu)+v

Vector Addition and Subtraction

o ¥E t3}7] (Addition)
w U AZA 12 (head-to-tail axiom) 2. =2 7 2]

Xy Y1 29) + (X Yo 20) = (X%, Y11Y0, 21725)
utv=v+u

o 9E w 7] (Subtraction)

(1 Y1 Z1) (X Yo 2) = (X1=Xp, Y17Y2r 2172))

u-v=-(v- u) i \\/

a+b+c+d




Vector Addition and Subtraction

Vector Magnitude (Length)

o #(Point) P °l 4] A (Point) Q ¢] ¥ 9 ¥ H (Displacement
vector) q - p = AlLtE T}

*y

o WE 2] 7] (magnitude or length):

Examples: ||v|| = \/Vlz + v22 +..+ Vril +V§

(6-47)] ="+ (-4 +7*
=+/25+16+49
=+/90
=310

~ 9.4868

Vector Magnitude

Normalized Vectors

*y

Voert B, ||V||2 _ |VX|2 +‘Vy‘2

" M =7,

2 2
Vo HV,

o HWE 9 7] Aaglo] #HE Y
c} 1:1]-0 _JJ Oiﬁl[q]7], oh:].

o @2 ¥ (Unit vector)= ¥ E 9]
7] (magnitude)”} 1¢] t}.

o @91 HH 9o v o] &2 normalized
vectors =2 normal©] 2}l F-E},

o WH 2] 443} (“Normalizing” a
vector):

\Y; —v;tO

norm H




Distance

Vector Dot Product

o+ A P, Q 1+4] A (distance) = o 7+ WE7F] Y4 (Dot product): u ® v
Uk %LO] ARt T (g, Uy, Uy, ooy 1)~ (Ve Vo V3, ooy V) =
= HEp P wvitu, vt tu v tu vy,
= #E g e or n
» A E d=g-p P d=gq-p U'V:Zuivi
= W8 49 Jo)F 7, i1
= distance(P, Q) =|d|=|q-p| \ U-u :HUHZ
q S
Q o o Al
(4,6) (-3,7) = 4*3 + 6*7 = 30
3 -2,7)-(0,4,-1)=3*0+ -2*4 + 7*-1 =-15
Vector Dot Product

o 7 HEZRe] Aol WE A7) vi&S 7F WY 3 A=
SAFQ] (cosine)©] T

u~v=||u||||v||cose /

¢ =acos(u-v),where u,v are unit vectors

0= acos(

Dot Product as Measurement of Angle

o e WH e 545 A4 Aol

p, a-by>0 when 0°<8<90°

b, a-b, =0 when 6 =90°

S, a-b, <0 when 90° <6 <180°




Projecting One Vector onto Another

Projecting One Vector onto Another

o F 1ol ME, w, vk FI AW, 1 F sute] WE wE e
e voll st A F 2 Aushs o= s 4 St
w= Wpar + Wper
w=qav+u

ui=voll A alsjoF st E uev=0

wev=(av+tu)ev=avev+tuev=avev w=oav+u
g
A -
WV WV i
U=W-oV=W—-——V=W—-——>V v
V-V ”V" av
WV o WV WV
aV=W—-U=W-W+ = V=—oV
T T

If v is a unit vector,

w=av+u
then |1
u
W, =av = (W-V)v
0 oV v
Woer =U=W—(W-V)V %[_J
|w| cosO

Vector Cross Product

Vector Cross Product

o ¥E 9] ¢4 (Cross product): u x v

(X1, Y1, 21) X (X2 Yor Z2) = (Y122~ Z1Y o

XYz Y1X2)
o o A ux v
(1/ 3/ '4) X (2/ '5/ 8) = ( 3*8 - (—4)*(—5)’
(-4)*2 - 1*8,

1%(-5) - 3%2)
= (4, -16, -11)

0 % eI Zhe] 94 (uxv)e] 7] 7} el o] 379 %

W B 7F ZH i o] A<l (sine) @] o]t}
ux v

Ju>xv] = ullv|sine .

0

u
O % YA Y (parallogram)®] % & (area)> bh= AlLHE T
A = bh
a =b(asin &)

= [lallblsin ¢

’ = |la b




Vector Cross Product

A& ZFxA A = W u, v Al A (clockwise

turn) 0.2 F 24 W ux v -8 ke WIS ke 7] A,

HEA] A 93 (counterclockwise turn) 0.2 =2 U o, u x

v7F§-2l = 5E ol X = Waks 7}ﬂ7]‘jr

0 LEE FAEAANME MY u, v I A TR FA Y
v -8 & ek Waks 7hel 7] an, A ARk

A u) uxve Tﬂi—r‘ﬂ oA = ks 7l

o £
o =

N

\vClockwise turn

a b Counterclockwise tgrn

Left-handed Coordinates Right-handed Coordinates

Linear Algebra Identities

Identity Comments

u+v=v+u e GIA a3y

u-v=ut ) IEEL

(U+rv)+w=u+(v+w) W E] gl A AdHH A

a(ﬂu)=(a,[))u /\713} ) E1 /\n Z_it;?ﬂltlé ;‘_q
a(utv)=ou+ av 2 Zbet-d g el A

(a+ B)u —au + fu

o] = V] zete] W

HVH >0 HE o] 7]+ Y (nonnegative)

Jull® + v = Ju+v 9] E}a12] F H # (Pythagorean theorem)
Jul+ M= Ju +V] 2E] G4 224 3 (Triangle rule)
u'v=v-u 4 (dot product) . 3+ #]

V] =~v-v 4 (dot product)< ©] 83+ W E]&] Z17] A 2]

Linear Algebra Identities

Geometric Objects

Identity Comments

ou ) = () v=u (@) | HES] DA e F AT

U (vVEw)=u-vru-w e L E e e

uxu=0 e 2pA1 9] 9] A (cross product)< 0

uxv=-(vxu) HEf o] &2 2 Wkal gk A (anti-
commutative)

uXxv=(-u)X(-v) 2 o 9] 2] 2 7} Wl E] o] o] 9] %3} At}

afuxv) = (aw) xv=ux (av) | B2 S A3} 0o Ag 8

ux (v w) = (WXv) + (uxw) | F o o] Sl o ulE sk $ 4 &

By e 49

u (uxv)=0 Dot product of any vector with cross
product of that vector & another vector is 0

O Line
= 2 points

O Plane
= 3 points

O 3D objects
m Defined by a set of triangles
= Simple convex flat polygons
= hollow




Lines

o A4 (line)> 7 2t ¥ Ef o] SIAY (= 5 4 2] W AY)ol o}
o A/d2] w7 3 2] (parametric form): P(a) = Py + av

= Py 2l A, v el HE, o g)ole] 4
)7 A oS AT o2 ZAA Qo HEo] AA

Oov=R-Q
P=Q+av=Q+a(R-Q)=aR + (1- 0)Q
0 P=o,R+a,Qwherea, +a,=1

Pla)=Q +av
=Q+aR-Q)=aR+ (1-a)Q

Lines, Rays, Line Segments

2 783 4

o 2/ (line) Hako

il e
o 43 (line segmen) T+ A (two endpoints) AFo] ¢ A
z7folth 0 <= a <=
s qogn

1

AH (ray)= 3 A o2 5E 3 o g §-318] A
a>=0 * o1
o A4 (line)o] 4 2l: ]
p(a) = py + ad (parametric) P
y = mx + b (explicit) a=0
ax + by = d (implicit)
pen=d

rsi
O

e
@/ n: normal
/e

Convexity

n%%

|

convex not convex

Convex Hull

o ¥ 2 & (convex hull)ol & =9 H P,P,,....P&
FoFahes M A2 5 AA ot
o T HES 54 2% (“shrink wrapping”) 3o &

e




Affine Sums

o N71®) 3 Py Py Py o &3l Aol w e AAE

E ot of s of gre
P—OL1P1+OLZP2 .....+OLnPn

o to,t.....a,=1

o F714 1 A g a,>=0,i=1,2, ..,ndFl A n7l 9] H 2] o}
ol ofato] wHsolzl AEo] At AW~ & (convex
hull)o] 2} 31 B2},

\

o AU Go) (PP, P HE] 4E AAs: wE
AL Eahsls A S dle 4= ik,

Linear/Affine Combination of Vectors

o WE e A3 Z7 (linear combination of m vectors)
s m/Ne WY v, v, .. v,
B w=o,Vv; + v, + ... o, Vv, where o, a,, .. o, are scalars
o ok wlE] o] N 23] A7el S ay, oy .. o, 2 T
1 O] H o u}Ql }_'%L(afﬁne combination)©] ¥ t}.

Ba,to,tata, =1

Convex Combination

o #7199 AT, 5 a>=0,i=12, . mtol 4 m7 el el
ob7l ol ofshe] whEolxl AEel 4 AW
(convex hull)©] 2}l BT},

R R CESERE S
719 2~ (convex) ©] T}

oy to,+t. . +ta, =1
and

o, =2 0fori=1,2,.. m
a; = 07} 1 Aol ol &)

O Convexity
= Convex hull

Plane

o WA AR HH L BFFo A oI 5 Ak

o 1T weaE T

o 34 P, Q Rel lthal 7Hg skA}. R

0 P QE 9l A4 (line segment PQ)
= S(a) = aP + (1-a)Q
0 S¢F RE& 9l A3 (line segment SR)

= T(B)=pS+ (1-p)R (o B)
o P, Q, Rell 9olal 27 ¥ += H' (plane)
= T(a, B) =P [aP + (1-0)Q] + (1-B)R S(a)

=P+p (1-0)(Q-P) + (1-B)(R-P)
Bﬂ“ﬂaMJEEH%RQﬁﬂQﬂ%@H%%ﬂ%
Wﬂﬁﬂ S},

Q




Plane

o 3hihe] 4 (point) P2} ¥ /o] Balal 4] ek WE (two
nonparallel vectors) u, vel <] oH AR = HH ] A
m T(a, B) =P, + au+ pv
m P-Py=oau + v where P is a point on the plane

0O u v ¢4 nS o] &3t o WA tpe-3) 7ot

= n *(P-P0) =0 where n=uxvand nisanormal vector

Plane

o 3™ st |4 W E (normal vector) n} @™ o] A
pol-= R HH .
= Plane (n, d) wheren (a, b, c)
m ax+tby+cz+d=0
m nep+d=0
d=-nep

o FH 919 A pell e, ne(p - py) =0
HoF s o] B4 W E nol Te] @_0]3}”4 nep +d=
HH A A p7hA o] BEE 712 7 &2 A E (the
shortest signed distance)& 42 5 3 Th:d =-nep

O
o

Relationship between Point and Plane

o & p HH (n, d)o] 33t #A
w WHeknep+d =024, pe= FHel itk
m Wofnep +d> 08, p= g o] vRE S St
= UHoFnep +d <02t p= A SFEFo] Tt

Plane Normalization

0 3 2] A3} (normalization)
n FHe] Hd WE (normal)E 4713}
w 3 A E o] dolrt s doll GFE T wiiell, dfe AT gatst

o (nd)=

Il HnH HnH




Computing a Normal from 3 Points in Plane

o Z929] G ARrelM e ekel
w29 WA ¥ H (normal)+ 271 ¢] two non-collinear edges&
A%Fght}, (assuming that no two adjacent edges will be
collinear)
w 12]31, 71712] €14 (cross product)S -8 § 4 71 8} (normalize)

Sl

computeNormal(P1,P2, P3) P1

{
u=P3-P2
v=P1-P2
n = cross(u, v)
if (length(n)==0)
return [0, 1, 0] P3

else
return n.normalize()

Computing a Distance from Point to Plane

o &bl g W (n, d)¥}F B 5Fe g 3 QI M 74k
712 Tate
= o] WAl e 7k nel} 8kaL, D =
72l & etk

o

ERERE PO RO

W=[X =X Yo =¥, 2y~ 2] Q (XoYorZo)
. Inew| n[fa,b,c]w
In
_Jal% =) +b(ys = y) +¢(z, - 2)| (y.2)
Va2 +b? +c?

_ax, +by, +cz, +d

Jat+b?+c?

Projectingwonton:w =n || & &" 15 |"|||

Closest Point on the Plane

o &zl shutke] A Qol A 7 77k R (n, d)de] A
PE 7312
p q - kn (k= 3 QoA plane-‘Jrﬂ the shortest signed distance)
no| 9] ¥ E (unit vector) 7 -,

k=neq+d
p=q-(n*q+dn Q (XoYo20)
n[a,b,c]
1 q=p+in
| P (x4, z)

ax, +by, +cz, +d
JaZ +b? +¢?
where q(X,, Y,,Z,) and Plane ax+by+cz+d =0

Distance(q,plane) =

Intersection of Ray and Plane

034 (ray) p(f) = pp + tu & 3 (plane) pen+d=0  p,
o3 /3] wAA: nfa,b,c] u
(pp+tu)-n+d =0

tun=-d-p,-n I /

p(xy,z) o
¢ ~(po-n+d)
u-n
o wheF o] HH 3 85 t}H, denominator uen=0

o]
ek A W sk wAbekA ki
ok £ ghol W) [0, co)hel A PO, L
! 2}EFA] e,
O p( (po n"'d)\} _(po'n+d)u
u-n

o,

3}




Matrix

Matrix

rob

o et 2ol A% Y HelE B9 54 IS 4 M

(r x ¢ matrix) 2 g}, 2x5 matrix 4x3 matrix
w 7IEE L PES 3 (row) )
o 22 EE dES E (column) 2 47 & 8 4 0 12
= Mijv= i o &E joll &= Y& (element)
3 /4 3 0 1 -5 4 3
Myq My M3 12 3 -1
M = My My My r(3) rows m,,= -4 8
m m m . . 1/2 18 0
M j = my =M AL Wi ol A Qs
¢(3) columns
my,=18
Square Matrix Identity Matrix
. 1 0 0
M = Nondiagonal elements [ = 0 1 0
0 0 1
Diagonal elements o F5dd S 99 (Identity Matrix) & [ EE 1,2
0 nxn YEE n 2k 33 E (square matrix) 2} g} e.g. FA R,
2x2, 3x3, 4x4 o ool A-10]5, v A] A= 0= #ho 2 2t
O Diagonal elements vs. Non-diagonal elements nxn 81 o]t
oMI=IM=M




Vectors as Matrices

O n-dimension M E+= 1xn 38 E=nx1 P =
w Ixn FH2 & WY (e PHo|ar
= nx1 B A HE (B F ddolear

Transpose Matrix

aip a3 J

O M (rxc matrix) ] % %] 8] & (Transpose of M) MTO. 2
FEAISFH oxr matrix = H 3 O}
= MT™M;,
= (MOHT=M
m DT =D for any diagonal matrix D.

a m c |l a d g
d e f = m e h
g h i C i

Transposing Matrix

T
1 4 7 10 | |1
2 5 8 1| _|+4
3 6 9 12| |7
T
X
y | = | X
Z

Matrix Scalar Multiplication

o §He] 272} 35 (Multiplying a matrix M with a scalar
a=aM)

myq my, my; | - [ amy;; omg, omgg
aM =a my my, My, om,; OMy  OMpy,
mg; Mgy M3, omy OMg3 OGNy




Two Matrices Addition

O Matrix Ci= A (rxc matrix) 2} B (rxc matrix) 9] S 4! rxc
matrix©| o}

0 7F 4 ¢ = A9l jjth el 9k B jjth el 2x o] STt
9 G =4y +bij
1+3

Two Matrices Multiplication

O Matrix Ci= A (rxn matrix) 2} B (nxc matrix) ] 3 rxc©| o}

o 7t U4 ¢ & A9 it row @t B9 jth column®] vector dot
product©| T},

n
Cj = ; &by 3+18+48

/
30 7 1 -3552

3 6 7 1 10 7
10 0 -5 + 6 4 9 = 16 4 4 * 6 4 9 = -10 115 -10
4 7 2 8 -9 4 12 -2 6 8 -9 4 70 38 75
rxc rxc rxc nxc rxc
I t must match Tt columns in result 1
rows in result
Multiplying Two Matrices Matrix Operation
oMI=IM=M (I &$33)
€11 €2 €3 Ciu Cp5 dq; QA 0o A+B=B+A: 53‘35 6&]% ol H]A ﬂ%ﬂdz‘_’]
a1 2 O €25 | _ |[8y Ap ||| My My Mgz [y mys DA+B+C)=(A+B)+C:FE-P& 5o A3
T O AB #BA: -8 Fo mEg e JYuA et
31 “32 33 fLas Cas dzp Az ||My; My Mpyz Mgy Mps o (AB)C = A(BC): a2 g)e Fo] AsH =
Cy1 Cgp Cyg Cyy Cys ay Ay o ABCDEF = ((((AB)C)D)E)F = A(((BC)D)E)F) =

Coy = ApyMyy + aMy,

(AB)(CD)(EF)
0 o(AB) = (aA)B= A(aB) : 22723
0 o(BA) = (ap)A: =7 et 4 55
o (vA)B=v (AB)
o (AB)T =BT AT
o (MMM, ... M, ,M)T=M,™, ,T... M;TM,TM,T




Matrix Determinant

Inverse Matrix

o ¥ E 29 3L (The determinant of a square matrix M)+
M| = EO “det M” O & F A H T}
O Non-square matrix®] determinant + % 9] = %] ¥t}

M| =1my; myy| =my;my,-my,;my,
my; My
M= ll = my; (M Mg - gy M)+

my; (Myy My - My; Mgz)+

my; (My; My, - My, M)

o W3l d M (square matrix)2] < 8 E (Inverse of M)
M1 2 FA gk},
oMo adjM
I'VI |
O M(M'l) = M‘lM =1
O The determinant of a non-singular matrix (i.e,
invertible) is nonzero.

O The adjoint of M, denoted “adj M” is the transpose of
the matrix of cofactors. adiM

C11 C2 C13
Cy1 Cp Cp3

C31 C3p Cs3

Cofactor of a Square Matrix
& Computing Determinant using Cofactor

Minor of a Matrix

O The cofactor of a square matrix M at a given row and column is the
signed determinant of the corresponding minor of M.

o Cy= (1) | Mil |
iiﬂ =] (cofactor)% A

]_
‘M‘_Zmu ij J_Z_;mii(_l)nj M

€3l n x n determinant |2k

{ij}‘

IM| =(my; my, my; my )= my [ my my; My,
My; My Mpz My ms; Mgz Mgy
my; Mgy Mgz Mgy my, my; 1My
my; My, Mz My -my, M

+myy MY

-my, |MM|

O The submatrix M{# is known as a minor of M, obtained
by deleting row i and column j from M.




Multiplying a Vector and a Matrix

Multiplying a Vector and a Matrix

(x 'y z][p. py, P.
q% 9dy 9.

r T r

X y z

—

= | Xpxtyaqstzr,  xpytyqytzr, Xxp, +Yqz+21’z]

—

Xp +yq + zr

o WH-PH9| 355 0] &3 coordinate space
transformation=- &8 4=
0 uM=v: FE Mo| HE uE MEH ve ¥t

[X y ZJ my; My, Myy
my; My, My

my; M3z, Mgy

= Emll tymy tzmg XMy, tymyptzmg,  Xmyzty mytz mg

my; my, Myl x Xmy; ty my,+zmy;
My My Myl y XMy +y My,+Z My
mgy Mgy Mgl z Xmg; Ty M3y +Z Mgy




