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O Line
= 2 points: R, Q P(c)
Ev=R-Q
P=Q+av=Q+aR-Q)=aR+(1-a)Q Q
= P=oyR + a,Q where o, + a, =1 (affine sum)
O Plane v n
= 3 points: Py, Q, R
= T(o, B) =P+ au+pv Q
B ne(P-Pj))=0wheren=uxv
O 3D objects
33 B e ARES] A% R
ol o8l 7]= 5L, £ol WLt (hollow).
HH =5 2 (convex polygons) o2 FAE F AT
o] e] 424 (arbitrary polygon & 47} v 2 ¥ (triangular
polygons) 2. RS i (tessellate) ¥

Coordinate Systems

71 A ¥E (basis), Vy, Vgy...., Vi,
ol MY vi= v=ayvp+ oV, ..oV,
{oy, 0y, ... a 3= 71 A 0l g we] A (component) ©

O O o g

EERIE

_ T_|*
a=[ol, Ay ....o] =

Frames

71 A ol gk vel 29 (representation)*% g gy re=o

o o} 37t (affine space)< F (point) S *E 3o}

O °J A (origine) © 2 5-H 7AW H 2 AR 55 1=
XHE 2 (frame)o] 2 FET}

o Eﬂ Ui (Py vy, Vo, V3)

ZH Aol BHE ] EH: v=ogv,+ apV, +Fo,

S| elof A Heo] x&:P= Po+ Byvy+ BZVZ R AA

Hv

IL lL

v=[oqy0o,050]T

p=1[BiBBs1]"T




Change of Coordinate Systems

o d& E°], OpenGLo A = & 2 E A& o] &34
718HE g olettt, e o Al A FEAR HAZIC

Change of Coordinate Systems

Vl
V=ay, +aV, +aV, =la, a, a,]V,

o 27H _Q] Tq_% 7] Xi H‘i]l E1 {Vl’ Vz, V3}, {ul, u2, U3} V3
Up = Y11Vity1oVotYaaVs o Vs u,
Up = Y21V1+Y22V2Y23V3 A v=[B, B, B,]u i
U3 = V31V1+Y3oVoHY3sV3 : U,
Yo Yo T ‘-Vl u, "‘ I
M = r ; 9 Fu
| Y Y2 Vo loy azi Vs : [Bl B, B3] U, Z[BI B, ba]M Vo |
Ysi Yoo Vs Vs Uy 1 Vs
., v . P
u, |=Mv, o, |=M"|,| ~a=M'b ..b=(M")"a
Us Vs g B
Rotation and Scaling of a Basis Translation of a Basis
o 714 W59 e 3] (rotation) # =71 (scaling) o 1y, 7k Y- 9] o] 5 (translation) ¥ 22 3x3
H3LS BT o=z g2 7 A AHEY 1S =2 matrix®= A &=t
2= 9lt}, A
> v 20 :
“_ ..... A vy
\ A
“i ,-k"' V{I
» ”’,~ - s V]
0‘.‘ ,’F
By,




Homogeneous Coordinates

Change of Frames

Vi o 2709 Z &S] (P, vy, vy v3) (Qq uy, Uy, uy) 0,
\" — V. u
vectorv=>av,=[e, a, a; 0]*? Uy = Y11V1tY12Vo+YisVs 2
Va Uy = Y21V1HY22VotY23V3 0
R Us = V31V1+Y3VotyssVs 0
Qo = YarV1tVaaVo+asVs tYaaPo p
0 Uz
. U Vi v
point P=P, +Zaivi = [0:l a, a 1 u, v, !
=M
u3 V3
Q) LR Vs
o a, Yu Yo Ys O
p_ a, V= a, M = Yo Yo Ys O
a, a, Yo Y Ym0
1 0 Ya Yo Yo ol
Change of Frames OpenGL Frames

O a, be 7+ 2Zd % (P, V1, Vo, V3) (Qp Uy, Uy, Us) o] A A =
WE ol s 7 ol

u, v, v,
b7 u; :bTME vV, :aTi Vv,
U, vy b v,
Q 1hi 1R
oy Q@ Oy
M = Oy Oy Gy Oy

o A (E) 232 (model-view coordinate system)
o Al Al 2324 (world coordinate system)

o s=(ZhHl2h) 3324 (camera coordinate system)

o F9W 3 9 =23 (clipping coordinate system)

o gf3} A 324 (normalized device coordinate
system)

AL 9-(8}H) F3EA (screen coordinate system)

a




Moving the Camera

o O O B+
o » O O

Transformations

0 ¥ 3 (transformation)-
U oz mg A= g :

0 OpenGLol A &= 22H (x, y) 325 3% (x, y, z) ol A]
z=0%1 &= H T g}

OpenGL
calls

ﬂ

ModelView | __ —__ | Projection [_ —__ | Rasterize =
transform I:l transform I:l I:l

Display

General Transformations Affine Transformations
o 5AFFE ALE h:}‘ﬂ HE o} AS4xd I PHE= o o} ¥ 3 (affine transformation)-> 41 & 4 (colinearity)<

JEr 7 93, Tl el olel A A3 e o] e ikl

HEshE B B f2 HEkS ?ﬁfﬂ@“ A n Z, A4S BEAT § Aol Y BE o] M Fol k= Wgky

= f(p) A el A g
v =f(u) o =g 7e o] vl (ratlo of distance)E 4| gttt
w =, 3 A9 T4 (midpoint of a line)©] ¥ 8 $-of &= H 3%

rx N
™
1o,

%@ﬂ%ﬂ@q
o P = f(P)
O P’ =f(aP; + BP,) = o f(Py) + B £(P,)




Affine Transformation Affine Transformation

o AFFE g 20lA Do = of= Wk tHlld"Hi‘S o} o W\SE AP, y)=dd AP (x, y)d AEE% (linear
- A 3lo| o), oA W ES O] (Translat1 ) 3] % (Rotation), combination) 0. &2 A& 5 U}, ie.
7] ¥ ¥ (Scaling), ¥ ¥ (Shearing) S E 3t} )
o tﬂ@%@l"(x',y,z) JF/H;GP(x,y, )° X&) x5k X = [ apgXtapytag
(linear combination) ©. &2 AT 5= It} ie. y Oy X+ 0y + O3
F T T 1 1
ay Gy o Oy || X
y _|Fu G Gy G| Y
z a3 O3 Oy Oy | L . .
1 0 0 0 1 1 T O Ogp Og3 X
- o y Oy Oy Ogz| Y
1 0 0 1 1
Geometric Transformation 2D Translation
7|3 ek 2 A ¢] ¥ 3} (geometric transformation)©] & O 015 (translation)2 T 7 ko =2 At A7l d (d,
St o= 21 o] e] 718)ek A Al S BALsE A 9 d)iE A Px, y)= A M2 A P(K, y)s 2=
GRS AR AR 2§71 S oS, EReE
o o] o, 4A =2 A& Aol BAE FA sHHA FlLte] X =x+d, y
H3lo T JES A2 AAZ &1 y’ =y+ dy P (xX,y)

O Basic transformation
= ©]-5 (Translation)
m 3] (Rotation)
» 17]¥ 3} (Scaling)

7

P=P+d where P =|x d= (d

y

y y




Translation

Translation in OpenGL

o vhel AL 2 i AAE o FaThH?

Translate individual
vertices

O glTranslatef(x, y, z)
» AAE (x,y,2)8F ol F
w 2219 glTranslate 37+ g1t}
O Example:
glTranslatef(0.5, -0.2, 0.0);
glBegin(GL_TRIANGLES);
glVertex2f(0.0, 0.0);
glVertex2f(0.5, 0.0);
glVertex2f(0.25, 0.5);
glEnd();

>

.

Rotation

2D Rotation

o 23k o] 430,091 &l Zh= 6 W 24 (2D rotation

about the origin by )
]

0

® 0 >0 : Rotate counter clockwise in RHS

(xy)

’\e 0 <0 : Rotate clockwise in LHS
{ ]

0= arctan(yj
X

O Rotation of a point P(x,y) by 6 about an origin (0,0)

x = 1 cos (¢) y = 1 5sin (¢)
x'=rcos(p+6) y=rsin($+6)
y r:cos(q)+6) ............................
olo) JTIEin)

x cos(0) -y sin(0)

"= risin (¢ + 0) :

Ein@ Fos( %r Cos(@) sin(®)

y cos(6) + x sin(0)

<
Il

ST
0
o (X’ Y)

X
Il

x cos(0) -y sin(0)
y’ =y cos(0) + x sin(0) X

y

7

4

cosO  -sin®
sin® cosO

y




2D Rotation

o theel S 23 Qe AR E 3 A2

2D Rotation about an Arbitrary Pivot

O Rotation of a point P(x,y) by 6 about an arbitrary pivot
point, (x,,y,): P =R(0) P
X' =x,+ (x - x,) cosO - (y - y,) sin
y =y, +(x-x,)sind + (y - y,) cosd

I:I «X,Y)
Rotate individual 0
Vertices (x, y)
o
(X ¥r)
Rotation in OpenGL 2D Scale

O glRotatef(angle, x, y, z)
= 9] F axis (xy,z)°ll 3l 2t angle (2HH] Fgh) 5 3]
w 22k 3142 2-F (0,0, 1) = AFE-gHT)
O Example:
glRotatef(90.0, 0.0, 0.0, 1.0);
gIBegin(GL_TRIANGLES);
glVertex2f(0.5, 0.0);
glVertex2f(0.8, 0.0);
glVertex2f(0.65, 0.5);
glEnd();

¥

O =L7]W %k (scaling)> 4 #| £ scaling factor (s,, s,) % =L7I
WA ZHA wHE 9 vk =, oF A B AHA| (affine non-
rigid-body transformation) ¥ 2to] .

o 7] ¥32 34 A (pivot point) S 7FXI T, whEhA] 7 A 2
A7IRE AA = o] ofy gl § ] = HhH Al

L .
X' = X8,

Y =ysy
ey MRS .
] 22)

(11)

(44)




2D Scale about an Arbitrary Pivot

Scale in OpenGL

O Scale a point P(x,y) by a scaling factor relative to an
arbitrary pivot point, (x; yg):  P"=5(s,, s;) P

X =X+ (X=X ) Sy
Y =yt (Y -ve)sy

X =xs,+x(1-s,)
Y =ysytye(l-sy)

O glScalef(x, y, z)

= x-FHO R xUE, y-F O R yubE, 2.5 0 % 2UbE A7 E Wk

m o] ujj, scale factor>1°]™ 7] #] i, O<scale factor<=10]™H Zro}x| 11,

scale factor<0%¥ WHAl(reflection) ¥ t}.
w 22H] 7R 20 18 Ytk

O Example: ‘
glScalef(0.25, 0.5, 1.0); — X

glBegin(GL_TRIANGLES);
glVertex2f(0.5, 0.0);
glVertex2f(0.8, 0.0);

¥

X glVertex2f(0.65, 0.5); Y | =
Pivot point glEnd(); y
2D Reflection (Mirror) 2D Shearing
O WHAF (Reflection) ™ 3174 A of] tsto] A A 7} v igko 2 O Y-5-2 WohA] 3L, x-5 WaF o 2 ¥ (shearing)
M ks = Ao, EESAsE
» WIANE 715 (angles) @ 217 (lengths) & K& g}, X =x+y- th
O 2D reflection over x axis . 3 y =y
mirror oyer y:
X =x P |
i ! ! x| =1 w 017 [ x
y =y S - 0
g . . Q = 7 0 O
O 2D reflection over y axis T 4@\ g Y Y
, <9 =, 1 0o 0 1 1
X =-X ) & v
. o H,, - Shear y into x
y =y b 5 / Y
O 2D reflection over (0,0) ‘ g
X, — -X / \l

y =-y




2D Shearing

Homogeneous Coordinates

o Y ¥ (Shearing) ¥ 3+ 27 o] A 7)o M8E F4 &=t}
O X-F& Wk a1, y-5 ko = Uyl Washtt
X' =X
y' =xhy +y
X/ = 1 O O * X
y hyx 1 0 y
1 0 0 1 1
h

<

o °ol&, 3 d, A7 FE S watr] flste] SAbEsg
(homogeneous coordinates)ol| A1 ©] ¥1%+8) & = v} 4|
XF 5T}

0 B2 FEE22 Y H P (x, y)E P (x, y, w)ZE e

o (1,2,3)% (2,4 6) 22 sA3E 28|t

o R AP (x,y, w)ol wrk 0o, 1 2 F-3A] F o]

= ﬂ‘jr REF w7k 07} obyEhd, 71 AL (x/w, y/w,

=

zEde s

_4

Transforming Homogeneous Coordinates

3x3 2D Translation Matrix

T(dx,dy) =(1 0 dx o 22 gy

0 1 dy 52235 2 3x3

I EERL LR
R(0) = (cos(0) -sin(0) O

sin(@) cos(6) O

0 0 1

S(sx,sy) =(sx 0 O

0 sy O

0 0 1

o H 7} ¥ 9] 3 (matrix-vector multiplication) & &
FHH

x| = (x| + [d

y y dy
“=(1 0 d)*

y’ 0 1 d, y

1 0 0 1 1




3x3 2D Rotation Matrix

x| = [cos(®) -sin(0)
y’ sin(0) cos(0)
x"| = (cos(0) -sin(0) O
y’ {sin(e) cos(0) O
1 0 0 1

3x3 2D Scale Matrix

x| =(s, 0 [x
y 0 s Jly
x| =(s, 0 0)7*x
y 0 s, 0 y
1 0 0 1 1

3x3 2D Shearing Matrix

x| = [ 1 hXy X
y h, 1 Jly
x| =(1 hy, 0)*[x
y h, 1 0 y
1 0 0 1 1

Inverse 2D Transformation Matrix

T = 1 0 -d,
-dy
0 1
R = cos(0) sin(0) O
-sin(0) cos(0) 0O
0 0 1
S = 1/s, 0 0
0 1/s, 0
0 0 1




Composing Transformation

0 Composing transformation ©] &+ o] & 7§ 2] W 8k A
HEAAA shtel Mg o] F= A ot

o 3 Als W gkshe o ghohd ghd o g o] A ghe] A
stAY B o] FAS AR 5o o ?53%12 ol 5

Q= (M3 - (M2 (M1 -P))) =M3 ‘M2 ‘M1 ‘P

oo,

(pre-multiply)
M
o Y H o] 52 A3 H A (associative) S B¢,
M3 M2 -M1 = (M3 -M2) M1 = M3 - (M2 -M1)
o FHo] ¥ w3 (commutative)©] A HalA] F=T
A

Transformation Order Matters!

2D Rotate about an Arbitrary Pivot

0 To rotate about an arbitrary pivot point P(d,, d,) by 6:

= Translate the object so that P(d,, d,) will coincide with the origin,
T(_dx’ _dy)
= Rotate the object, R(6)

= Translate the object back, T(d,, d,)

1 0 dyf{cos6 -sin6 0|1 O
01 dy sin®  cosO 0|0 1
0 01 0 0 1|0 0

d,| = cos® -sin®  d,(1-cosb)+d, sind
d sin@  cosO d,(1 -cos0)+d, sind

1 0 0 1

2=

2D Scale about an Arbitrary Pivot

\ o T T(d,d,) *
PE I %

T(—dx’—dy) ' R(e) ( X7 dv) R(dx dy 6)

0 To scale about an arbitrary pivot point P(d,, d,):
= Translate the object so that P(d,, d,) will coincide with the origin,
T(_dx’ _dy)
= Scale the object, S(s,, s,)
= Translate the object back, T(d,, d,)

1 0 d)fs. 0 0)(1 0 -d) =(s, 0 d@-s)
0 1 4o s O0fl0 1 - 0 s, dyl-s)
o o 1Jlo o 1Jlo o 1 0 0 1

@l%

T(-d,,- d [ S(s,8y)
T(d,

,d ) = S(d,, dy, s, sy)




2D Scale in an Arbitrary Direction

Example: 2D Rotate about an Arbitrary Pivot
Using Composite Transformation Matrix

O To scale an object in an arbitrary direction (by rotating the
object to align the desired scaling directions with the
coordinate axes before scale transformation)

= Rotate clockwise by 6, R1(8)
= Scale about the origin, S(s,, s,)
= Rotate counterclockwise by 6, R(8)

cosd  -sinb 0 ||s, O 0| cos® sin@ 0 |= |s.cos0+ssin’0 (s,-8,)cos0sind 0
sind  cos® 0 (|0 s, O] -sin@ cos® O (,-8y)cosbsin® 5,c08%0+s,5in?0 0
0 0 110 0 1 0 0 1 0 0 1
-1
R7(6) S(s.8y)

o A3 (1,1), 31), 34)E 2= 3 A44E S 4 (2,.2)° Wt
45% 3] s}t
o P'=T(2,2)R@45)T(-2,-2)P=M P
M =T(2,2)R45T(72,72))

1 0 2|cos(45°) =—sin(45°) 01 0 -2

=[]0 1 2|sin(45°) cos(45°) 0|0 1 -2

0 0 1 0 0 1/0 1
(707 -707 2J1 0 -2
=(.707 707 2|0 1 -2
0 0 1|0 1

707 —.707 2
=|.707 707 -.828|=M
0 0 1

Example: 2D Rotate about an Arbitrary Pivot
Using Composite Transformation Matrix

A triangle with vertices (1,1), (3,1), (3,4) rotated about (2,2)

JdY
1.P 707 -.707 2 1 2 4
R'=MP =|.707 .707 -.828|1|=|.586 j {
0 0 1 1 1 1 N
PZ 0 2 4
707 -.707 2 3 3.414
P,'=MP,=.707 .707 -.828|1(= 2 1y
0 0 1 1 1 g
3. P, 3
707 —-.707 2 3 1.293 2t -
P,'=MP,=|.707 .707 -.828|4|=|4.121 (1) 25 x

0 0 1 1 1




