Geometric Objects -
Vectors and Matrix

Spaces
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o B &7k (Vector space)
u A9} e 2 7be} (scalars) 9F ¥ E] (vectors) & 7FA] 3L QLT
m Scalars: o, B, &
m Vectors:u, v, w
o ] 321 37t (Affine space)
» WEF ko] A (points)©] F7Fe T}
= Points: P, Q, R
o =2 = &7 (Euclidean space)
= 712] 7I'd (Concept of distance)©] 57} T},

Scalars, Points, Vectors

O 2~Z+e} (Scalars): a, b, d
= Scalar-scalar G514 (addition) -> scalar

ar

= Scalar-scalar ¥4 (multiplication) -> scalar
o A (Points): P, Q, R
= Point-point ™A (subtraction) -> vector
= Vector-point B4 (addition) -> point
o ¥E (Vectors): u, v, w
= Vector-vector 4! (addition)/ ™ 4! (subtraction) -> vector
= Scalar-vector ¥ 4! (multiplication) -> vector

Scalars
o SAL, Al tiste] Wy, AR, ey A9

moa+P=F+a

] aoB:Boa
moa+(PB+y)=(a+p)+y
moe(Bey)=(aep)ey
moeB+y)=(aepf)+(aey)

o S @5 9 (identity) 02 41 35 (identity) 1
B a+0=0+a =a
moel=lea=q

o 51418 9 (inverse) 7} w41 2] 4
B a+(-a)=0
maeqgl=




Points

O H(points)< & 7Fel| A 9] 9] X](position)< Zt+=T.
o A3 WEshe] olat
= -7 WA (point-point subtraction)< ¥ H & T
» -WE G4 (point-vector addition) & TH=

_|_4

Vectors

o ¥E £ =L7](magnitude = length) 9} -3 (direction) &

7HA AL 9)
0 <% (velocity)t 3 (force) % -2
o AFE 2= /\01]/\1 o]+ HFekA
segments)-<> W E] o] T}
o WME = 7 el 24" 9 X (position) S 2]

2o)ge wE o),
3 g

(directed line

o) 1-

e
° v=P-Q
v
P=Q+v
Q
Specifying Vectors Examples of 2D vectors
O 2D Vector: (X, y) Y
O 3D Vector: (x,y, z) —
Vector [2,1]
ty / P
by Véctor f:1;<4] /
Vectori[3, 0
< tx
— +x (0/ 0/ 0) (1, _3, -4) ectar [2, +5]
+x Vector [-2, 3 vector(0;=4]
Jectar [2, 3]
2D Vector *z Point (2, -5)
3D Vector

74 0(0,0,0)91 4 A P(1, -3, -4) = 3F3}= W E]




Vector Operations

zero vector

vector negation
vector/scalar multiply
add & subtract two vectors
vector magnitude (length)
normalized vector
distance formula

vector product
= dot product
m cross product

OO0OO0OO0OoOoOoOoaoao

The Zero Vector

o 3%k G E (zero vector)= (0, 0, 0)
o YHE = 027] (zero magnitude)E

o FUEE P2 AT YA 2

(no direction).

Negating a Vector
o 2= e vie 55 -vE 7PN AL Tk v + (v) =0
0 &9 E
-(ay, ay ag, ..., a,) = (-ay, -ay, -ag, ..., -a,)
O 2D, 3D, 4D ¥ H 9] & (negation)
- y) = (% y)

(5 1,2) = (%, -2)
-(x Y,z w) = (-x, -y, -z, -w)

22) ©,3)

(3,5 -1)

//ﬁiM)

Vector-Scalar Multiplication

o e 22
a*(x,y, z) = (ax, ay, az)
o ¥ 27 e
1/ a*(x y 2)= (/o y/a, z/c)
o oAl
2*(4,5,6)=(8,10,12)
2*(4,5,6)=(2,25,3)
-3*(-5,0,0.4) =(15,0,-1.2)
3u+tv=_>Cu)+v

v 2v 0.5v




Vector Addition and Subtraction

o ¥ H3}7] (Addition)
» U A A2 (head-to-tail axiom) & & % 2]

Vector Addition and Subtraction

o 4 (Point) P ol A 7 (Point) Q ¢] ¥ ¢ ¥ H (Displacement

vector)= q - p = AlLtE T

(X Y1 21) + (X Yo 25) = (X1+Xy, Y11Y2, 2172)) v
utv=v+u I
o ¥ 7] (Subtraction) AN
(X1/ Y1 Z1) = Xy Yor 25) = (X17Xp, Y1-Yor Z12) v }[,-P/ —/
-v=-(v- u) - \\
g
Q
v-u
u-v
Vector Magnitude (Length) Vector Magnitude
o WE 2] 217] (magnitude or length): +y
Examples: ||v|| = \/vl2 + v22 +...+ vf_l + vf
Yector [3, 3] 2 — 2 2
=[5+ (=4 + 7 4 = +‘Vy‘
=/25+16+49 Yy M = v+,
= \/% h I, | h sz +Vy2
[l
=310
~9.4868




Normalized Vectors

o Wejs] 211l gle] Al
WEars d g 2 3 w7 9l
o @2 ¥ (Unit vector)= ¥ E] <]
=17] (magnitude) 7} 1|t}
o 91 H 9 o2 o] 52 normalized
vectors =2 normal©| &l &

o WH ¢] 443} (“Normalizing” a
vector):

Distance

o -+ 5 P, Q{4 A g (distance)+=
o531 o A4kE e
[ | @‘J,Eip P
= HE g O
w A d=g-p P d=q-p
= W g9 Zo]F 3t
= distance(P, Q) =[|d[|=[lg - p|

da]

Q
v
v, = ‘— ,Vv#(
Vector Dot Product Vector Dot Product
o 7+ #WH ] WA (Dot product): u ® v o 7 #E e W o] Wy 7] vl &S 7] WY (F Zh o]

(u, uy ug, ..., 1) " (Vqy, Vo, V3, ..o, V) =
wvitu, vt tu v ttu vy,

or n
u-v= Zuivl.
i=1

w-u=fuf
o o A

(4,6) (-3,7) = 4*-3 + 6*7 = 30
(3,-2,7) (0,4, -1) = 3%0 + -2*4 + 7%1 = -15

S1AFS] (cosine)©] T}

u-v= ||u||||v||cos 1%

0 = acos(u -v), where u,v are unit vectors

0= acos(




Dot Product as Measurement of Angle

Projecting One Vector onto Another

o e e e 548 Qe e Aol

u-v, >0 when 0° <8 <90°

v, u-v, =0 when 6 =90°

vo  u-v, <0 when 90" <8 <180°

O

0 % 7he] MEl (v, w)7k FOI AW, 1 5 shke] WE w

B voll A3 AR} A ek Ao i

w= Wpar + Wper
w=oav +u,

usvoll AusfofslE®E yev=0

w-v=(avtu)-v=av-vtu-v=av-v=>a=——
vy

w-v

Wper

PN
=T

= =
= pu

AT

W=V +u

A%

= 2
vy vl

wev | _wev
2
M)

W, =OV=wW—u= W—LW—

av

Projecting One Vector onto Another

Vector Cross Product

If v is a unit vector,
then |-

wW=0ov+u

W =t =W—(W-V)y

W, = v =(Ww-v)v

o ¥E 9] ¢4 (Cross product): u x v
(X1, Y1, Z1) X (X2 Yo, Z2) = (Y122~ Z1Y,
Z1Xp = X9Zy,
X1¥2- Y1%2)
o o A: uxv
(1,3,-4)x(2,-5,8) = (3*8 - (-4)*(-5),
(-4)*2 - 1*8,
1%(5) - 3*2)
= (4,-16, -11)




Vector Cross Product

o % e 2] 94 (uxv)9] 7] 7 ME e A7]9) T
B_]} 1:4 o

E] 7+ Zh = 2] AFRl (sine) 9] 5 ©] th:
Hok:

uxv

v

] = sin @

o 3 YA (parallelogram) ] < & (area)> vh= A4t
A = vh

u v(u sin 6)

= [l fllv][sin o

Y e < v

Vector Cross Product

o <& FxAANA = 9 u, v7F A A & (clockwise
turn) 22 SA Y W u x vi= 2 Fehe WS e 7],
HEA] A 3F (counterclockwise turn) 2.2 32 Y o, u x
v7F -2 ZHE "ol A = ks 7

o &2 FspAlelA = WY u, v7F A Ao B 22 <

uxve 8 Fole WEke 7 7] AL, Al AR
w2 W uxve e 25 HolA = ek 7l

lClockwise turn

a b Counterclockwise tgrnf

Left-handed Coordinates Right-handed Coordinates

Linear Algebra Identities

Identity Comments

u+v=v+u HE SIAY L

u-v=u+(-v) W] A

(u+v)+w=u+(v+w)| g S AR

o pu)=(ap)u Zkeb-w g A A A
a(u+v)=au+ av 2Zbeh- e A

(a+ p)u=au+pu

o] = le{]] Zete) ¥

V=0 HE] 9] 37]% 49 (nonnegative)
"+ = e+ 9] E} 32 8] F *H # (Pythagorean theorem)
Joa]| + M| = e + ] W G4 AH7HH A (Triangle rule)
u'v=v-u ] 4] (dot product) 1l 34 %]

M=~y W% (dot product) & ©] &3+ WE o] 7] 49

Linear Algebra Identities

Identity Comments

ol V)= () v=u (@) |MEe] WA e § AR A

u(Vviw)=uviuw 2E] Sl /Al ) ) A el A

uxu=0 A E] 2} ] €] 4 (cross product)-> 0

uxv=-(vxu) HWE O] 9] A2 Wk S =] (anti-
commutative)

uxv=(-u)X(-v) W o 942 7} WlE] o] oof] 9] %3} I}

a(uxv) = (au) X v=ux(av) | WE 2 ]} ~7Zhe} 3 ZA3HH 2

WX (vHw)= (WX V) + (uxw) | 9EI 9] SUsE ke e skl o] 5 &
By e g

u-(uxv)=0 Dot product of any vector with cross
product of that vector & another vector is 0




Geometric Objects

o 4 (Line)
» 24 (Points) 2.2 o] o4 9t}
0 ¥ ¥ (Plane)
= 3 4 (points) .2 ©] F0]%] It}
o 32 24 A (3D objects)
w 371 o] 13t (a set of triangles) &2 7 o] Fl T}
m FSE 5535 E2] 9 (convex polygons) S AF-&-3Het,
1 (surface) & 2 7] % 5] 11, 40 H] o] 1T} (hollow).

L s

Lines

o 24 (line)& A3 W o] 54 (= F o) mal)ol )
o 24 e] w7l H 4 &2 (parametric form): P(a)) = Py + av
- Poli o]/]/] el VL 0144 uﬂa a= 019]9] 7@[
s Wi A o AT oA A4 9ol HEo] YA

ov=R-Q
P=Q+oav=Q+a(R-Q)=aR + (1- 2)Q
O P=oyR+ a,Qwherea,; +a,=1

P(o)=Q +av
=Q+aR-Q)=aR+ (1-0)Q

Lines, Rays, Line Segments

o A4 (line)< Yo = F3ks| A,

0 A+ (line segment)+ + 4 (two endpoints) Ak 2] 41
z7Zbo|th 0<=a <=1

o AR (ray)E @ HORNE RFo R Fae] A

oa>=0 ® o1
o A4 (line)] A 9l: 1

Parametric form: p(a) = p, + ad P

Explicit form: y = mx + b a=0

Implicit form: ax + by =d

pen=d

Convexity

0 %23 (convex) 21 A& 7] ol 9ol F 1
A= AR 9o 9] 919l 2] Ho] 74 el k.

not convex
convex




Convex Hull

Affine Sums

o A2 d(convex hull)ol g =9 & {P,P,,....P} =
FE 3 7HE 22 B (convex) 4 A o]t
o Foxl H5& F4 ¥ (“shrink wrapping”) $0.%
A=
- =
F - e
: .
U .
.
\ 8 .
- . e/
.
-

(u]
Z
=
lo,
)
-
=
N
)1
]
=2

o Lo,
gL_rl
oX
1o
A,

rlr
=
i_tg
(i

oy tont..... a,=1
o F7H 91 A% 0>=0,i=1,2, ..na}el| A, n7l o] <] o}
ol Q—SM g ol 5 o) Y3k 2192 F (convex

hull)o] gk i),

—

Dﬂﬂ*QSWBW P el Al HEe] A& ddshs e
Aes 23

Linear/Affine Combination of Vectors

Convex Combination

o ¥WE 9] A3 23 (linear combination of m vectors)
u m7H‘gl tﬂ]]ﬂ V1/ VQ/ . Vm
B w=oyvyt oV, t.. o, vy, (Where o, o, .. o, are scalars)
@ ot WElo] {9zede] 20 G5 w0y 0 9] B
10]¥ o] 9421 % (affine combination)©] ¥ T}

By to,t.to,=1

o F7F4Q A7, & a>=0,i=1,2, .,m3}tol A m7) 49
o}x alo) o] 5o u]—Co1;< AS o] Fate A~ 3

(convex hull)©] 2}al &= T
o wpebA, of2f o Z:ﬁ% e e R B e
Z1 ¥ 2 (convex) ©] Tk

gy to,+t.+ta, =1
and
a; = 0fori=1,2, .. M (o = 07} 1 Afolel] EAY)
o Convexity
= Convex hull




Plane

Plane

o B U ANsd A4S 3o

=

o FHe A AP, Q, Re| Ut 714

oM QoG 59
o}X}. R

0 P¢QE 9+ A (line segment PQ)

= S(a) = aP + (1-a)Q, 0<a<l

0 S¢ R< 9+ Al (line segment SR) (o, B)

= T(B) =BS + (1-B)R, 0<B<1

o P,Q,Rell o 24 == %W (plane) P

= T(a, B) =B [aP + (1-a)Q] + (I-B)R

=P +p (1-0)(Q- P) + (1-B)(R - P)
= O<o, p<12] T(, B)2] 2 - P,Q Rl ¢l3) G4 5= 4715

ol 9122kt

0 5hube] 4 (point) Pyt % 9] BAFHA 8k e (two
nonparallel vectors) u, vell 9] &l A7 &= 3 o] 42
chea g,
= T(a, B) =Py +au+ pv
# P-Py=au+pv(Pe HH g H)

O u ve 24 ng o] &3 H

" neP-P)=0(n=uxvé&n 3 Hjo t]'_]jéu_qa)

1 FE
lo,
oL
oZi
1>
rlo
)
o
i)
s
A

Plane

Relationship between Point and Plane

o HH O}Ur-/] H7d WH (normal vector) n¥} ¥ H o] #

POQE o
= Plane (n d) wheren (a, b, c)
m ax+by+cz+d=0
= neP+d=0
d=-nP

a

9]¢ 7 Poll v, ne (P - Py) =0 \

A

o whek Fle] A e nol k9] 2ol ehil, neP + d=

Aol 4] H PrAx el 5

& 7H 7 &2 7€ (the

.—E—O:'_O__}‘ 0]];}‘ d__n.P

shortest signed distance) & € =

o A pJJr bERe) (n, d)-/] 7 4A
= WHfnep+d =02t p= ol ATk
= WHoFnep+d >0t p= WO upZE e At
m WHoFnep +d <0eHH, p= WO SHEo it




Plane Normalization

o B ™9 A3} (normalization)
w FHo WA HE (normal)E
w HA e o] Aol 7t A d

d
—(n,d)=
In]

A3t3}
dell G2 7] wlel, d 94 45t

Computing a Normal from 3 Points in Plane

o EolTe A Aol A WS Fa
w EE o] WA E (normal)= 271 2] two non-collinear edges&
Al2F&He}, (assuming that no two adjacent edges will be collinear)
w 1831, 71519 9] A (cross product)S T-$F 9 A 7f $H(normalize)
gt

vector computeNormal(P1,P2, P3) P1
{
u=P3-P2
v=P1-P2
n = cross(u, v)
if (length(n)!=0)

return n.normalize()

Computing a Distance from

Point to Plane

o &3kol &
7 & 73,
= W) WA WE 7} noleh 5, D
A2 & kAL
w=[x, =X,y = ¥,2,— 2]
_lnew

I

_ |a(x0 —x)+b(y, —y)+c(z, _Z)|

bl (n, d)3t A o) @

Na’ +b* +¢?
_axy+by, +cz,+d

Nat+b*+c

Projecting wonton: wo=n

1 Q3 7HE 74k

pgjr ] q7]-4

/Q (xoYozo)
n [a,b,c]
1 W

(xy.2)

pw-n

[l

o &l | =

||n||

Closest Point on the Plane

o 3boll shbel 4 QoA 714 71ke e
PE T3t}
® p=q-kn (k¥ 5 Qoll A plane¥} 2] the shortest signed distance)
» no| T2 E (unit vector) 75,

(n, )72l A

k=neq+d
p=q-(n*q+dn (XoYorzo)
n[a,b,c]
q=p+kn
| JP (x4, z)

ax,+by,+cz, +d
Ja* +b* +¢

where q(x,,,,z,) and Plane ax+by+cz+d =0

Distance(q, plane) =




Intersection of Ray and Plane

0 d4d (ray) p(t) = po + tu & ¥ (plane) pen+d =0

(| %}d/ﬁg ij_g] Ei}@: n[a,b,c]

Po
u

(p,+tu)-n+d=0

tu-n=-d-p,'n

t__(po'n+d)

pioy?)

/

o]

Matrix

O U= o] ALY FH=E 7]k A MlE S E M
(r x c matrix) 2}al g+t
s 7t22 WEE FEE 3 (row)
s ARE widE F4ES 4 (column)

= Miji= & i 9F &4 joll & Y4 (element)

m m
o WkeF 33 o] W H 3} 3 8 5t denominator uen=0 e 12 b
webd] A Pl s washA ket M= M M | () TOWS
o whek ¢ gho] W91 [0, o)l A erow, Fade e G
W z}EHA] e “ ~ v
o p[—(po-n+d)j:po+—(p0-n+d)u ¢(3) columns
u-n u-n
Matrix Square Matrix
2x5 matrix 4x3 matrix .
M = Nondiagonal elements
2 4 7 74 8 4 0 12 -
B /4 % 0 1 S 4 5 Diagonal elements
12 3% 1 O nxn JEEn 2k AY e (Square matrix) g} ). e.g.
=-4 2x2, 3x3, 4x4
My
1/2 18 0 o T2t (Diagonal elements) vs. Non-diagonal
elements

m;; =M 49 611)]19)(%]]%15\_

my,=18

o 73 4 (Diagonal matrix)© nxn 3 E ¢
FUAAES Aol e B Qo] 01 A Helrh,




Vectors as Matrices

Identity Matrix
1 0 0
I = 0 1 0
0 0 1
0 584 52 T4 (Identity Matrix)> [ £+ 1,2
FAF
O 7ol A 10]aL, YA as 05 #he = 2t

0 n-dimension M E = 1xn 38 == nx1 PE =2 13
o T AL W e (EE W Gelolghnn 8
o WEL A W (o Aol E)
dyq
A = |ay A= { dy;  di2 dis J
ds;

Transpose Matrix

Transposing Matrix

O M (r x ¢ matrix)®] %] & H (Transpose of M)= MTo. =
FEAISY ¢ x r matrix 2 WS T}
= M7~ M
= (MOHT=M
» DT=D, D7} tj7} 3 & (Diagonal matrix)<! 74 -

achadg
d e f| = |m e h

g h i C f i

T
1 4 7 10 1 2
2 5 8 1| |4+ 5
3 6 9 12| |7 8
110 1
T
X
y | T | X Y




Matrix Scalar Multiplication

o o ~7Zke} 3 (Multiplying a matrix M with a scalar
a=aM)

myq my; my; | - [ amy; omp oumgg
aM = o my my, My omy;  OMy;  OlMyg
mgy, M3z Mmy; Omg; QMgz  GMgg

Two Matrices Addition

O Matrix Ci= A (rxc matrix) 2} B (rxc matrix) 2] G4l rxc
matrix©] T}

a

7z}t

D —
C, =4, +bl.j

6 4
8 -9
rxc

A2 ;= A9 i A 2:9F B ijth §12:9] Frol e

= 16 4 4
12 -2 6
rxc

Two Matrices Multiplication

O Matrix Ci= A (rxn matrix) 2} B (nxc matrix) 2] & rxc©| .

o 7 Y4 ¢ © A9 it row s} BE] jth column®] vector dot
product©| .

O

Cj = kz ayby 3+18+48
=

/
3| 7 1 -3552

* 6 4 9 = -10 115 -10
8 -9 4 70 38 75
nxc rxc
]‘ t must match 1 1 columns in result t 1

rows in result

Multiplying Two Matrices

C11
Co1
C31

Cy

Cpy = Ay Mgy + a3My,

C2
Co
C3

Cyo

\
Ci3 Ciu G5

C3 Cs5
C33 /C34 C35

Cyf Cyy Cy5

J

aqq

as

Ay

ajp

_ |92 a9

asp

dyp

my; My Mgz By, Mg

my; My, My Moy My




Matrix Operation Matrix Determinant

o MI=IM=M (I= & 3 4) o 3 2] (Determinant of a square matrix M)< | M| =&
OA+B=B+A:3qd-P=4 5i4e] nghy “det M” ©. 2 %Al H T},

JN'

0A+B+C)=(A+B)+C:3gd-3)g 54 ,] ZR R 11] Ay (I\I@—square matrix) ] ) 92| (determinant)
0 AB#BA: §8-32 Fel wahd H e A4 e, = 9915
O (AB)C=A(BC): Fd-84 o A¢HH IM| =|my; myy| =my; my,-mymy
o ABCDEF = (((AB)C)D)E)F = A((BC)D)E)F) = my, My,
(AB)(CD)(EF)
H a(‘[:f) - (OLBAEE - ﬁy(gg) sﬁgﬁj} B = M= ] ] | = my; (my, mags - mo; mg)+
o = HEa - w
o ?V( A)]; _ E;a( ziB) = b M| [0 [0 My (Mg My, - My; Myy)+
O (AB)T=BT AT M| [ (M| My (My; Mgy - My, M)

0 (M;M,M; ... M, M,)T = M,"™M,_," ... M;TM,"M,"

Cofactor of a Square Matrix

Inverse Matrix & Computing Determinant using Cofactor
o 43 d M (Square matrix) 2] < ) 2 (Inverse of M) o 4% E M9 i-row, j-column & {15+ (Cofactor) & 3l &
M1O. 2 3 A gt 223 E 2] (Minor) 9] ) 4 2] (Determinant) ] +/-2 % o] # .
O pm'= adjM o C;=(-1)7 | M|
M| o 9] oA (Cofactor)E A3t nxn 2] ALk
o M1H1=M n n ST
o M(M) = MM =1 [M|= " mye,; =D my (=1 M|
o % &4 (Non-singular matrix)-- A /= _
zsg %/\1 (determinant)#0 ©] 2. &, ] g 215 713} 5= §) IM| =(my; my, my; my )=my  |my My; My
o =5 (Adjoint matrix)+> ”ad] M” 2 FA| &, m,, My My My m;, My My,
o Ql (Cofactor)«] ol dA Y= (Transpos;) my; Mg, Mgz Mgy my, my; My
adiM = e e Cp my my, my; my | o-mg (M
Cn Cpp O +myy;  |MP

C31 G2 C33 -m,, M|




Minor of a Matrix

O Submatrix Ml = nxn AHAE M i A & (row)<}
HA F (column) & §lolil G2 (n-1)x(n-1) L=,
A2 E A (Minor) .2 ¥t}

Multiplying a Vector and a Matrix

(x v z)px Py P
&% 9 9

r, r, I,

(pr +qu+Z1'X Xpy +yqy+zry XPp, +qu+ZI'Z>

xp +yq+zr

o #E-PH o] 75 ©]-&3+] coordinate space
transformationS X & 4= At}
O uM=v: 34 Mo] Hg us

Multiplying a Vector and a Matrix

(X y Z) my; 1My, Myy
my; My, My

Mz M3y Mgy
= an tymytzmy  Xmy, tymyptzmg,  Xmyptymystz m@

my; my, Myl x Xmyp +y my,+zmy;

my; My, Myl y XMy Ty Myy+Z2 Mg

my; Mgz, Mgyl| z Xmg; +y mgy+tZmg;




