Geometric Objects
and Transformation

Geometric Objects
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o A (Line)
= 2 points: R, Q P(0)
Ev=R-Q
P=Q+av=Q+aR-Q)=aR+ (1-a)Q Q
m P=oyR + a,Q where o, + o, =1 (affine sum)
o 31 (Plane) v n
= 3 points: Py, Q, R
B T(o,B)=P+au+Pv Q
= n*(P-P))=0wheren=uxv
o 3%+ 244 (3D objects)
w3390 B7k 9] A B9 A olut.
= W (surface)oll o3} 7] ¥ aL, &o] B AT} (hollow).
» PH 2= 0471 (convex polygons) &= 74 E 4 St
n 9o e] th2HE (arbitrary polygonusf% A B2+ (triangular
polygons) ©. & i (tessellate) ¥l Tt

PO R u

Coordinate Systems

71 A ¥ H (basis), vi, V..., V

>V,
A oj o] WY vi= v=o,v,+ o, ... 40V,
{o, 0y, ... o} = 71 A Ol H g ve] A (component) ©| T}
714l thk ve] 3£ H (representation)s 3 3 H = A
FHR 7= & Uk

[ I R R |

Frames

o o} 3 7t (affine space)<> 4 (point)< 33T}
0 Y3 (origin) S =55 7| A HE 2 3%
Fde 2 (frame)o] 2} FET

o ZE Y (P, vy, Vo, V3)
o ZH el A WE o T v=a,v,+ a,v, ... 4oy,
o X AolA e T3 P=Py+Bv,+ By, +...48,v,
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v=[o;00;0]7T

p=1[Bi BB 11"




Change of Coordinate Systems

o ¢ & 59, OpenGLol A= 2 €l 3 A& ©] 834
71k Aol gk, 12l 3 A FEA R $AR
o 2709 & 714 H Vi, vy val, {uy, vy, ug)
U =y Vity Vo trisvs
Uy = Y21 ViTY22V2TY23V3
U3 = Y31V HY3VatY33Vs

i Y12 Vi3 T
|
M=y, Y2 Va3 -
S EY) V33
U, Vi
u, |=M|v,
Uy V3

Change of Coordinate Systems

V=V, +a,V, +t o3V, = [a] a, o5V,

a=M'b ~b=M")"a

Rotation and Scaling of a Basis

o 714 MY =9 F o] 3] 4 (rotation) 2} 7] (scaling)
s gddez gEVIAIHEY] HAdS 7=
T AT v

' vy 2
ok

Translation of a Basis

o 2y, Jhask 9%

1_

SRS
matrix = %35 X] %U}




Homogeneous Coordinates

Change of Frames

0 270} 222 Q) (Py, vy, vy, v3) (Qp Wy, Uy, ) u

vector v = Zal.vl. =le, a a O " U =YVt Vot Vs
Vs Uy = Y21 ViTY22V2Y23V3
F, U3 = Y31V TY32V2Y33V3
v, Qo= Va1VitYaaVatyssvs 1P
u, 1%
point P=F, + Za,.vl. = [ac1 a, o 1 |l
Uy V3
9 5
& & Yoo Yo Y O
p= a, y= a, M= Yo Y» Ys O
a, a, Vi Y Y O
1 0 Yo Yo Ya o1
Change of Frames OpenGL Frames

=

0 a, b 7 ZH S (P, vy, vy, v3) (Qp Uy, Uy, ug)oll A A =
W E] o] T2} 23 F 3ol

A (R ) 32 A (model-view coordinate system)
Al A 3% Al (world coordinate system)

(74l 2F) 32 A (camera coordinate system)
Fgwg 2 233 (clipping coordinate system)
43} A #3EA (normalized device coordinate
system)

AL 9-(3}H) F3EA (screen coordinate system)
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Transformations

0 W3 (transformation) A (= HE)S FHst] 1 84S
UE A o= vjg Al 7] = ol

O OpenGLoﬂ 7\1 = 224 (xy) FHEE 32 (x, y, 2) ol A
z=0%! = F] =g

OpenGL
calls

ﬂ

ModelView —[]— Projection —[]— Rasterize |=[]
transform transform ﬂ

Display

General Transformations

0 & *}=#}3E (homogenous coordinates) & AH&-&HHH
HE ol A543k € FE = ek 5= glal, 013l
e 9 Oﬂﬁ e B“HJ] RS Hshs G T (=
s gold o ik

= f(p)
v = f(u)

Affine Transformations

o oA 3 (affine transformation)-<> 41 & 4 (colinearity) <

FA 7
w 5, A0S BEST g Aol e BE o] e Sl = HEkE
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o] H] & (ratio of distance)E -4 ¢t}
9] T4 (midpoint of a line)o] ¥ 3k $-of &= ¥ 3kl
o}
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Affine Transformation

e obw
Rotation),

A

o AFE L F 2ol A Do R sk ek gy
Hslo|r} ol T HISLS o] = (Translatl n), 3|4
7] % (Scaling), '@ ¥ (Shearing) S X

o MeE B Py, 2)E el B P (xy, 2
(linear combination) .= 3% & & g = R
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Affine Transformation

Geometric Transformation

o W\SE AP X, y)= A AP (x )9] 2138 23} (linear

combination) &= 3 & g 9\)«‘:} y

7 —_—

X| = [ oaXxtapytag
4

y O X T 0 Y + Olpg

1 1
7 — *

X| = 04 Opp O3 X
7

y Oy1 Oy Oy y
1 0 0 1 1

7] 5k8t 4 74 A o] ¥ 3 (geometric transformation)©] &
TS} 1 o 99] 2196 AAE BAHE 9
A MER AR &7 s it

o o] W, A 52 A& Abol o] HAE FAshAA st
Ao R HES ANZE IAZ St
O Basic transformation

= ©]% (Translation)

= 3|7 (Rotation)

w 17]% 3} (Scaling)

2D Translation

2D Translation

O ©|% (translation)> o X Wako = dA s ALl dd,
d)¥HE AP y)S A MES F P, y)= 3

LSS i A = |
A xto] o},
X =x+d, y
y =y+d, P’ (X,y')
4/ id,
P (xy) |
.—-——-d; -----
X
PP=P+d where P=[x| P=[x| d= |d,
y y dy

o the] P S 23 g AAE o FRrha?
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Translate individual
vertices




Rotation

2D Translation

O 2D translation
x'=x+t,
y=ytty

O Inverse translation
x=x'-t,
y=y' -t

O Identity translation
x'=x+0
y=y+0

o 23kel A el 930,000 sl 2= 0 WF 3] %] (2D rotation
about the origin by 6)
( J

0
® 0 >0 : Rotate counter clockwise in RHS
(x,y)
]
Fwe 0 <0 : Rotate clockwise in LHS
]

2D Rotation

2D Rotation

O Rotation of a point P(x,y) by 6 about an origin (0,0)

X = 105 (¢) y = rsin (¢)
x'=rcos(p+0) y=rsin(¢+06)

X, _ r;.(;.s..(.d.)-Fe) ........................... , . (X’, y/)
- 0s(0) 2 Ir sin@)]sin(0):
= X cos(0) - y sin(0) 0
_ rh51n(¢+e) ............................. .(X, y)
= 0s(0) I cos()[sin(0) : o
B R

x" = x cos(0) -y sin(0) , )

y’ =y cos(6) + x sin(6) X'|= |cos®  -sinb|| x

y'| [sin® cosb|| y

o ohre) AR 2 Qi AA B 8 i

[ ]

Rotate individual
Vertices




2D Rotation about an Arbitrary Pivot

2D Rotation

O Rotation of a point P(x,y) by 6 about an arbitrary pivot
point, (x,, y,) :
P’'=R(0) P
X' =x,+ (X -x,) cosb - (y - y,) sin®
y =y, + (x-x,)sind + (y - y,) cosd

O 2D rotation
R = (cos(0) -sin(0)

sin(0) cos(0)

O Inverse rotation

o R1 = (cos(®) sin(0)
o (0¥ -sin(0) cos(0)
0 O Identity rotation
(% y) _
0 1
(e ¥2)
2D Scale 2D Scale about an Arbitrary Pivot
O =L7] ¥ gk (scaling)> 7 H| = scaling factor (s,, s,) = =17 O Scale a point P(x,y) by a scaling factor relative to an

=AY ZHA vbE = vk =, oFd ¥ AHA] (affine non-
rigid-body transformation) ¥ $to|t}.

o =7] W3S 314 A (pivot point)S 7H o}, whebA] A <]
A7) AA = Aol okt A &= uhH Al H

X' =X-s,

Y =y-s, (44)
A .
- &
|
X'|= s, 0| x
y’ 0 Syl y

arbitrary pivot point, (x; yg) : P =5(s,, s,) P

X' =xp+ (X = X;) s,
Y =yi+ (Y -i) sy

X =xs,+x(1-s,)
y =ys,tye(1-sy)

Pivot point




2D Scale 2D Reflection (Mirror)
O 2D scale 0 HEA} (Reflection)= 37 A oll thsle] 2147} wbddako =
S —ie 0 #2 = Zo)t),
OX » WAL= 7} (angles)#F 7] (lengths) & K. &gk}
Sy O 2D reflection over x axis L 4
mirror oyer y
O Inverse scale x =X '
1 (15 0 vy & &S g ........
0 1/ s, } O 2D reflection over y axis 3
X' =-x HIng
0O Identity scale , B
B y =y T R =
5 =10 O 2D reflection over (0,0) : -5
) | 2
0 1 X’ = _X
y' =-y
2D Reflection (Mirror) 2D Shearing

0O 2D reflection over a line, y = x

X' =y
y =x
O 2D reflection over a line, y = -x
X' =-y
y =-x

o Y-F& WA &, x-F ko 2 W (shearing) W&

- .
X'=x+ty-hgy

y =y
x| =11 w 01 | x
y 0 0 y
1 0 0 1 1

H,, - Shear y into x
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Homogeneous Coordinates

2D Shearing
0 U8 (Shearing)# 3+ A A o] 7)o M-S F4] F=t}
O X-F-2 WshA] 341, y-5 o= dy wgsing
X =x
yl =X.hyx+y
X = (1 0 0Y* X
vl |no1 o] |y
1 0 0 1 1
.

o ol 3, A7 FE 5 w3t7] ste] AT
(homogeneous coordinates)ol| A1 & ¥1%+8) & = v} 4|
AH-g-ghet

0 B2 FEE22 Y H P (x, y)E P (x, y, w2 EH S}

0 (1,2 3)7 (2,4, 6)2 22 sAE xd ol

o WHeF AP (x, y, w)o w7k 0o]H, 71 A& FEA] 5] o]
A a‘jr ek w707k oby ek, 1 A2 (x/w, y/w,

N

Transforming Homogeneous Coordinates

3x3 2D Translation Matrix

T(dx,dy) =(1 0 dx o 2x- Wgke &

0 1 dy &AL 2] 3x3

0 o0 1 dd A 5 e,
R(6) = (cos(B) -sin(0) O

sin(B) cos(6) O

0 0 1

S(sx,sy) =(sx 0 O
0 sy O
0 0 1

o A7} WE ] 3 (matrix-vector multiplication) & &
ZdH

X'| =[x ]|+ [dg
y y d,
X|=(1 0 d)*|[x
y’ 0 1 d, y
1 0 0 1 1




3x3 2D Rotation Matrix

x| = (cos(0) -sin(0)
y’ sin(B) cos(0)
x"| = (cos(0) -sin(6) O
y’ {sin(@) cos(0) 0O
1 0 0 1

X

y

X

y
1

3x3 2D Scale Matrix

x| =(s, 0 X
y’ 0 sy Iy
x| =(s, 0 0)1*[x
y 0 s, O y
1 0 0 1 1

3x3 2D Shearing Matrix

x| = [ 1 hyyx
y hy, 1 Jly
x| =(1 h,, 0)7*x
y’ hyx 1 0 y
1 0 0 1 1

Inverse 2D Transformation Matrix

T = 1 0 -d,
-d,
0 1
R? = (cos(®) sin(6) O
-sin(0) cos(0) 0
0 0 1
S = 1/s, O 0
0 1/s, 0
0 0 1




Composing Transformation

0 Composing transformation ©] &+ o 2] 7] ¢] ®g-& =AU =
A AA shte] Mg o] F= A ot
o 335 dgkeke]al ghohd ghd ol g ) o] Weke] 485
stAU E ] wAlS TG 5ol o] YHS Aol wEkt
Q= (M3 - (M2-(ML -P))) =M3 -M2 -M1 -P
(pre-multiply)
M
o PHO] 52 A3 A (associative)S RF3HT
M3 M2 -M1—(M3 M2) -M1 = M3 - (M2 - M1)
o ddo] 72 wEHZ (commutative)©] A HalA] X

A B !=B-A

Transformation Order Matters!

o W3 alEe] FAe way o] Al ek

o T} 2 AR Aol2f e ehie s PRI
93] the AntE 74 5 9o,

—

2D Rotate about an Arbitrary Pivot

o 99 & P(d,, dy)ell A 6 wHF 22 4

2D Scale about an Arbitrary Pivot

= T(-d,, -d,)
= R(0)
= T(d, d,)
1 0 dyff{cos6 -sin®@ 0|1 0 -d, cos®  -sin®  d,(1 -cosb)+d, sind
0 1 dyf/sin® cosd 0ff0 1 -, sin@  cosO d,(1 -cosb)-d, sind
0 01 0 0 1]/0 0 1 0 0 1
Ted,-d) RO T(d,d,) *
43 2 \‘/‘l’ L
| — Y |
T(-d,-d,) ‘R(6) ‘T(d,d,) = R(d,, d,, 6)

o 999 P, d)E THEE A7
= T(-d,, -d,)
= 5(s,, sy)
= T(d,, dy)

T(-dy-dy) -S(s, 5,) - T(dydy) = S(d,, dy, 5, 5,)




2D Scale in an Arbitrary Direction

o Yoo Wako R A7) WS (by rotating the object to align
the desired scaling directions with the coordinate axes before
scale transformation)

= R1(0)
= 5(sy sy)
= R()
cos®  -sin@ 0 |ls, O 0|fcos® sin@ 0 |= [s,c0s%0+s;sin?0 (5,-8y)cosBsin® 0
sind  cos6 0 (0 s, O||-sin@ cos® O (84-8y)cos0sin® 8,c08%0+8,5in%0 0
0 0 1 ([0 0 1 0 0 1 0 0 1
R1(6) S(5.5,) R(6)

Example: 2D Rotate about an Arbitrary Pivot

434,01, 0% 2 ¢ A9
A (2,2)°l st 455 3] '6‘ 5 1Y
1. Translate point to originT; = [ 2} f ““““““
) A T=H
2. Rotate 45 degrees R = [707 - '707} (l) 325
707 7707 o

2
3. Translate back to original location T, = [2}

4. Composite transformation P* = R(P + T;) + T,

L (S |EH

Example: 2D Rotate about an Arbitrary Pivot

o P, (1,1)

(707 —.707(T1] [=2 AREE
B'= + +
707 707 (|1 |-2 B I B !

T —_ID{? s <. ,, ’

707 707 |\|-1

" -
= +
—1.414] |2

o2
10586

S R I Y,

Example: 2D Rotate about an Arbitrary Pivot

o P,(31)
[707 ~.707] H {—2D H i
Pz': + + 4
707 707 ||1] |-2]) |2] o A __
707 =707 1 2 ! .:B """ r
707 707 |[-1))" |2 o
1414]
0
_[3:414
2




Example: 2D Rotate about an Arbitrary Pivot

Example: 2D Rotate about an Arbitrary Pivot

o P, (3, 4)
707

P'=
707

707
707

—.707 ]
707 |

Eu N H

[—707] [2
= +
2121 |2

[1.293
4121

O Result:

o = D G = O
L]

o = QW = Ul
v

=

2 3 4

!
o S
o

59). (341, 2), (1.29, 4.2)

Example: 2D Rotate about an Arbitrary Pivot
Using Composite Transformation Matrix

Example: 2D Rotate about an Arbitrary Pivot
Using Composite Transformation Matrix

o 84 (1,1), 31), B4E zte e AHAE S A (2,2)d tlskd
455 3] dstet,
o P'=T(2,2)R@45)T(-2-2)P=MP
M= T(zz)R Tz 2))

1 0 2] cos(45°) —sin(45°) 01 -2
= {O 1 2]{5in(45°) cos(45°) O}{O 2]
0 0 1 0 0 1{0 1
(707 —-707 21 o0 -2
=707 707 2][0 2]
0 0 1jo o 1
(707  -.707 2
=707 707 .828}M
0 0 1

707 =707 2 11 [ 2 qv
P'=MP=|.707 707 -.828|1|=|.586| 4
. 1 A
1 :
2. b, 707 —.707 3.414] %Srrr0r
P'=MP,=|.707 707 -828|1|=| 2
0 BEES
A
3.P; 3 ‘
707 —.707 12037 2 -
P'=MP,=|707 707 -.828|4|=|4.121| AN
0 1




