Geometric Objects
and Transformation
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3D Shear

3D Rotation
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3D Rotation about the Origin
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Rotation About a Pivot other than the Origin
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3D Rotation about an Arbitrary Axis

o P& 9o R o5

O 999 FuE z-Fl A4 A
(align) A1717] A&f W
CREEE LA

o Z-Fo= ot 33

o+ ¥ de Hedn
(undo alignment).

o UHA] Py & o] & gt

z

.......
. T,

. e
-----------------

3D Rotation about an Arbitrary Axis

O The translation matrix, T(-Py)
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

O The rotation-axis vector y
u = P2 - Pl
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O Rotate along x-axis until v hits xz—pzlane

O Rotate along y-axis until v hits z-axis
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis
Using Rotation Vectors

O Rotation about the z axis
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3D Rotation about an Arbitrary Axis

3D Rotation as Vector Components
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3D Rotation as Vector Components

R(T,)

R(Z) =

(@-Z)a+ cosb(z — (a-Z)a) + sin Gw
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3D Rotation as Vector Components

a, a, x
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O The vector a specifies the axis of rotation. This axis
vector must be normalized.

O The rotation angle is given by 6.

O The basic idea is that any rotation can be decomposed into
weighted contributions from three different vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in the
direction of the axis.

O The symmetric matrix is composed of the outer product

of a row vector and an column vector of the same value.

a, a, a: aa, aa,
Symmetric| | a, | |=|a, [ax a, a:]= aa, a_f. aa,
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a, |\ x
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3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector that is
perpendicular to both the axis and it's input vector.

a, 0 -a. a,
Skew| |a, ||=]| a, 0 -a,
a, -a, a 0

Skew(@)x =axx




3D Rotation as Vector Components

O First, consider a rotation by 0. :

3D Rotation as Vector Components

O For instance, a rotation about the y-axis:
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Quaternion Quaternion (Imaginary Space)
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Quaternion (Scalar/Vector)
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Quaternion as Rotations
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Quaternion as Rotations
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Quaternion to Rotation Matrix
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Quaternion to Axis/Angle
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Quaternion Dot Product
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Quaternion Multiplication

qq = (Xi+yj+zk +W)x'i+y' j+ 2’k +w)
=(SV'+SV+V'xv,s5' V- V)

Quaternion Operations

(m]

Negation of quaternion, -q
u -[vs] =[-v-s] =[x, -y, -z, -w]
Addition of two quaternion, p + q
= p+q= [pv, psl+[qv, gs] = [pv + qv, ps + gs]
Magnitude of quaternion, |q|
=y e oW
Conjugate of quaternion, g* (2 # A7)
m q*=[vs]*=[-vs] =[x, -y, -z, W]
Multiplicative inverse of quaternion, g (9 7) qqi=qiq=1
= q'=q"/lql
Exponential of quaternion
= exp(vO)=vsinB+cos6
Logarithm of quaternion q=[vsin#8, cos 6]
= log(q) = log(v sin 0 + cos 0) = log(exp(v 0)) =

Quaternion Interpolation

oAb 7] 2 Y (key frames) ol 3] H.1E
(interpolation) S 7} ¥4 o2 A3 4 Q)
alpha = fraction value in between frame0 and framel
ql = Euler2Quaternion(frame0)
q2 = Euler2Quaternion(framel)
qr = QuaternionInterpolation(ql, q2, alpha)
qr.Quaternion2Euler()
o A< 2.7} (Quaternion Interpolation)
= Linear Interpolation (LERP)
m Spherical Linear Interpolation (SLERP)
= Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)
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Spherical Linear Interpolation (SLERP)

Spherical Cubic Interpolation (SQUAD)
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