Geometric Objects
and Transformation
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3D Shear

3D Rotation

Y Y Shear along x axis o Z,'“iTgi Ekd . R™(0)=R(-0)
by ) ] ‘ X' = x cos) -y sinf R (0)=R"(0)
] y’ =xsinf +y cosO
e '— - F Z=z
Y - -
' cosO —sin® 0 Ofx
X' =x+ycotd 1 eot® O 0 sin@ cos® 0 Ofy
y =y
7 =z H (0= 0 1 0 0 0 0 1 0}z
e 0 0 0 11
o 0o 0 1 P'=R,(0)-P
cot0="""
y
3D Rotation 3D Rotation
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3D Rotation about the Origin
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Rotation About a Pivot other than the Origin
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3D Rotation about an Arbitrary Axis
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3D Rotation about an Arbitrary Axis

O The translation matrix, T(-P,)

1 0 0 -—x
e 0 1 0 -y

0 0 1 -z

0 0 0 1




3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

O The rotation-axis vector y

= (Xo =X, Y2 = Y1, Zo — Zy)
o Normalize u:
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O Rotate along x-axis until v hits xz-plane

O Rotate along y-axis until v hits z-axis

0 Find 6, and 6,
v = (0, 0y, o,) ¥
o2+ o’ +a,2=1

O Direction cosines:

cos¢g =a,
cosg, =a,
cosd, =a,

cos’ ¢, +cos’ ¢, +cos’ g, =1
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

0 Compute x-rotation 0,
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3D Rotation about an Arbitrary Axis

O Rotation about the z axis
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sin @ cosd 0 O

R.(6.)= 0 0 Lo
0 0 0 1

0 Undo alignment, R,(-6,)R, (-6,)

3D Rotation about an Arbitrary Axis
Using Rotation Vectors

o 99l 3 H= (ax1s{ o thgk skte] 3142 (angle)
470 9] Sente J‘%_fﬁ_"?_‘:}

o 91919 34 %S e B9l e a (x y, 29 ©9) e
F9l= S ML E e 0 (0-360) 6 2 % T4 B,
O &= 429 axis/angle< O}L]r«]
3D rotation vector= B} & 9= Q1

0 Undo translation, T(P,) " a RO a)
0
OM =T(B)R.(-0)R,(-0,)R.(O)R,(0,)R.(6,)T(-F,)
X
-z
3D Rotation about an Arbitrary Axis 3D Rotation as Vector Components
o 3] %5 (axis)/ Zt(angle) = F-F] th&3 22 34 E o ¥ FHdFa=[a,a,a]E TH = 3

(rotation matrix)& YH=TF
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a,a.(1-cosf)—a,sind a,a (l-cost)+a,sind  a+cosi(l-a’)

h:—‘=(Symmetric”.j:ﬂ(l—cosB)+Skew [ Lneucos Wﬂ
21N

=




3D Rotation as Vector Components
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3D Rotation as Vector Components
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O The vector a specifies the axis of rotation. This axis
vector must be normalized.

O The rotation angle is given by 6.

O The basic idea is that any rotation can be decomposed into
weighted contributions from three different vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in the
direction of the axis.

O The symmetric matrix is composed of the outer product

of a row vector and an column vector of the same value.

a, a, a; aa, aa,
Symmetric| | a, ||=|a, [a, a, a|=|aa, a aa
a. a, aa aa. d
a, |\ x
Symmetric| | a, ||| ¥ |=a(a-x)
a,|)z

3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector that is
perpendicular to both the axis and it's input vector.

a, 0 -a, a,
Skew| | a, ||=]| a, 0 -a,
a -a, a 0




3D Rotation as Vector Components

O First, consider a rotation by 0. :

a, a’ aa, ad, 0 -a, a 1 00 1 00
Rotate||a, |.0|= ad, a; aa, (I-D+| a. 0 -a/|0+]0 1 OfI={0 1 0
a, aa, a.a, a -da, a, 0 0 0 1 001

O For instance, a rotation about the x-axis:

1 1 0 0] 00 0 1 00
Rotate||0[.0|=[0 0 Of1-cos®)+|0 0 —1|sinf+|[0 1 Ofcos@

0 0 0 0] 01 0 0 0 1
1 1 0 0

Rotate|| 0.6 [=]0 cosfl —sinf

|0 0 sinf cosf

3D Rotation as Vector Components

O For instance, a rotation about the y-axis:
0 0 0 0] 0 0 1 100

Rotate|[1],6]=|0 1 0[1-cos®)+| 0 0 Ofsind+|0 1 O0fcosf

0 0 0 0_ -1 0 0 0 0 1
[0 cosf! 0 sinf

Rotate||1[,60]=] 0 1 0

0 —sinfl 0 cosf
o For instance, a rotation about the z-axis:
0 0 0 0] 0 -1 0 1 00
Rotate||0],6|=|0 0 Of1-cos®)+|1 0 Ofsinf+[(0 1 O0fcosf

1 0 0 1] 0 0 0 0 0 1
[0 cosf —sinf 0

Rotate[|0[,0|=|sinf cosf 0

1 0 0 1

Quaternion
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Quaternion (Imaginary Space)

o AF S E A A 2 B 2S5 (complex numbers)gl o]

o 471 7;01] st A (scalar number)©] 3L & Al 7=
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Quaternion (Scalar/Vector)
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Identity Quaternion

O H—“. B ¢b= &g 2719 35 A5 (Identity quaternion) 7}
O J—"“ 6L~ AHY S (multiplication 1dent1ty quatermon) -
ER AR -%Wﬂ%A}iékk ol A} 51

31| ‘E% =

qzﬁaamwzoruy+0k+1

o SA &9 AR addition 1dent1ty quaternion) -
o 7] M = AREHA] =

Unit Quaternion

0 AbleE Arke] A2 ok 915ko] ©9 AR5 (unit length
quaternion)< A&

0 o9 A (unit length quaternion)+ A =] 5'_7] 7}
1ot} o] A2 4xk F3toll A ©h 9] Aol 5 7HA =
(hypersphere)®] surface (5, 4%}l 3-3kel| 4] 9 37<} <
e ddsk= MEHE O]T‘jr.

‘q‘:\/x +y 427+ w =1
O A <2] A 913} (normalization)> o} 2l 2} 2o -5l

/‘_/x+y+z+w

Quaternion as Rotations
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Quaternion as Rotations

‘q‘:\/x2+y2+zz+w2

. .0 ., 0 ., 0 0
= .|a}sin® =+a’sin® —+a’ sin®> —+cos’ —
2 7 2 7

= \/sinz g(af +a; + af)+ coszg

.2 9 2 2 H ) H 2 9
= .,[(SIn —‘a‘ +COS™ — =.,/SIn” —+COS™ —
2 2 2 2

=J1=1

Quaternion to Rotation Matrix

0 HEH O o1 A E AA] Z2 o4 370
AEE7) SlaA e g g B Wk

x*—y =z +w’ 2xy—2wz 2xz 42wy
2xy +2wz —x’+y -+ 2yz—=2wx
2xz=2wy 2yz+2wx —x =y W

O ©h9] AR RTE sy 2 24+w2=15 2 A& 0] 85},
PP S S Zolw:

1-2y° -2z2° 2xy—2wz 2xz+ 2wy
2xy+2wz 1-2x*-22° 2yz—2wx
2xz=2wy 2yz+2wx 1-2x*-2y°

Quaternion to Axis/Angle

0 AHSFE 3aH TRl M o] 4] 3| H % a (ay, ay, a,)
Zte(@)ell o gk xF o w gk

scale = \/x2 +y*+z>  or sin(acos(w))

= Acale

_Y

ay scale

az =%
scale

0 = 2acos(w)

Quaternion Dot Product

o 7 7N AFL S 2HY] Ul A (dot product) 7 712] W H
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Quaternion Multiplication

qq’' = (xi+yj+zk+w)(x'i+y'j+z'k+w')

= <SV’ +5V+V'xy,ss' —v- V'>

Quaternion Operations

O Negation of quaternion, -q
B -[vs]=[-v-s] =[x, -y, -z, -w]
O Addition of two quaternion, p + q
= p+q= [pv,psl *Iqv, qs] = [pv +qv, ps + qs]
O Magnitude of quaternion, |q|
= lgl=y e
o Conjugate of quaternion, q* (2 &l A7)

o = [Vl = [-vs] = [, -y, -2, w]

O Multiplicative inverse of quaternion, g (3 °) qqt=q'q-=

= q'=q7lql
O Exponential of quaternion
= exp(vO)=vsin 6+ cos 6
O Logarithm of quaternion q=[vsin, cos 6]
= log(q) =log(v sin 6 + cos 0) = log(exp(v 0)) =v O

1

Quaternion Interpolation

o A= 7] ZE Y (key frames)iholl 3] B3
(interpolation) < 7}” Ao R TS 5 Uk
alpha = fraction value in between frame0 and framel
q1 = Euler2Quaternion(frame0)
q2 = Euler2Quaternion(framel)
qr = Quaternionlnterpolation(ql, q2, alpha)
qr.Quaternion2Euler()
o A< B.7F (Quaternion Interpolation)
= Linear Interpolation (LERP)
m Spherical Linear Interpolation (SLERP)
m Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

o 7H 7l B o= = 7)o AblERhe] A B3 (linear
interpolation) ®-2] ] 1T}

Lerp(qy, 9 t) = (1-t) g, + (1) q,
where0 =t =1 9,

o AP 4] E e R

Lerp(qy, 9z t) = qq + (92 - q4)
qQ1




Spherical Linear Interpolation (SLERP)

o 7 A3 BX} (spherical linear interpolation)-> =] €
q7F AolE FA 7 A= 3 s A qp7F STkl dle
3] ] 21 Abo] ghg Btk W ol

Spherical Cubic Interpolation (SQUAD)

sin((1-)9) +sin(t6’)q2

j Slerp(qlaqbt) -

sin@(1—1) . sin 6

1 .
oA-r) sinl sin @ sin @
sin@ sin@

re 6 =acos(q, -q,)

q(t) =

0=cos™(¢,24,)

T a9 AR 9y %ﬂ Atolell ay, a0l Bh= Akl
=g}, i o f Byt (spherical cubic mterpolatlon)%
O}‘jﬂ@r ol 4 -4 75]":}

Squad(qz ’ qi+1 > i+1 ° t)
= slerp(slerp(q;,q,.,,1),slerp(a;,a,,,,1),2t(1- 1))

—log(g;' *q,.,) +log(g; ' * qm)j

a.=q.*ex
g b0

_ -1k -1
q. *exp( log(g.; q,»);rlog(qm qm)j

o a =2 27| WaFeol A 9 A4 %3 (tangent orientation)
= FA sk AR T




