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3D Shear

3D Rotation

i: v Shear along x axis ¥ 0Z-=9=% 3| R™(0) = R(~6)
b7 . y) ‘ x: = X cpse -y sin@ R(0) =R" (0)
.i /.'f' y' = xsind + y coso
P '— — — 7=z
i X' cos6 -sin6 0 Ofx
;,z);J’yCOte 1 cot® 0 O] y cos6 0 0jy
Z =z 4 (9)— 0 1 0 O z 0 1 0fz
w(0) = 0 0 1 0 1 0 0 1|1
0 0 0 1]
tan6'=|L:>cot¢9=ﬂ
X'=X y
3D Rotation 3D Rotation
oX-Z9Z 3™ oVY-Z50=% 2|H
y' =y cosf — z sinb X' = X cosf + z sinb
Z' =y sind + z cosO Z' = -x sin + z cosO
X' =X y =y
<1 T1 0 0 0T x 'x'| [cos6 0 sin® O x|
y'| |0 cos6 -sin6 Ofy y'i_| 0 1 0 O)y
N 21710 sine coso ol 2 :- z'| |-sin@ 0 cos® O}z
1 0 0 O 1 1 ‘“»_. 4 _1_ L 0 O 0 1__1_
P'=Ry (6)-P P'=R,(6)-P




3D Rotation about the Origin

o #F(O, 0, 0)0fA Ho|of 2|7

o
—

A S S
X0l BHoE TS & Y

M| =0f Cliet M Bo
C}. '

R(©) = Rz(02)Ry(0y)Ry(0y)
Oy 0y, 6,5 22U 20|zt BECt 5 -
3 b

y /- = ?
q v I‘\_ ' ,(

Rotation About a Pivot other than the
Origin

o DA Pivot (P)S AF(0, 0,022 0|5 Z, 3|H 3,
CtA| Pivot@ 2 0| &Lt
o M = T(p) Rz 0) T(-py)
cos® -sin® 0 X, —Xx,cos0+Y,sind

M = sin®  cos6 Y; —X; sin@-y, cos@

0
0 0 1 0
0 0 0

o & #Ho| oS E[E2C
(undo alignment).
o CkA| Py 2 O] S3heh,

T
"

........
- .

o* .

3D Rotation about an Arbitrary Axis

O The translation matrix, T(-Py)

1 0 0 =X
T - 0O 1 0 -y,

0 0 1 -z

0 0 O 1




3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

o The rotation-axis vector y
u= P2 - Pl
= (X2 =Xy, Y2 = Y1 2 — Z3)
o Normalize u:

K

X

v=—=|a
ul |,

o

z

O Rotate along x-axis until v hits xzz—p/ane

O Rotate along y-axis until v hits z-axis

o Find 6, and 6,
v = (0 0y o)
ol + ol +a? =1
o Direction cosines:
Cosg, =,
cosg, =,
CosS¢, =a,
cos” ¢, +cos’ g, +Cos’ ¢, =1

z

3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

o Compute x-rotation 6, y
- - A
1 0 0 0
0 a % 0 0 a”

rRoy=| 4 4 JOem)
0 & 24 A O
d d

0o 0 0 1]

o Compute y-rotation 6, y
A
d 0 -« O
0 1 0
R, (ey) =
a, 0 d 0 &
0 0 1 o ey
i .:...“ N\ St X
d= a§+a dg 1

Z~ Fely-=0 Choto] AlA et




3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis
Using Rotation Vectors

o Rotation about the z axis

cos¢ -singd O

sing cosd 0

Rz(ez): 0 0 1
0

0 0

— O O O

0 Undo alignment, R,(-6,)R, (-6,)
o0 Undo translation, T(P,)

o M =T(P,)R,(-6,)R,(-6,)R, (AR, (6,)R, (8,)T (-F,)

o Yoo o|F 5 (axis)Of CHDE StLES| 2|2 (angle)
4719 =Xt= HTTHC]

o Y¥o|9| g|M=S LIEILY= THHIEH a (x, y, 2)2F T
HE =2 = 2T EE LIEIL = 0 (0~360)4f 22
-4 = Ct

0 =89 Z axis/angleg L9

3D rotation vector2 H}E %= UL}

+Z

+X

3D Rotation about an Arbitrary Axis

3D Rotation as Vector Components

O 2= (axis)/Zf(angle) 22 H Cha1t 22 2| HAH
(rotation matrix)& RH=C}
R=1Icosd+Symmetri¢l—cosd)+Skewsinéd

100 & a3, aa 0 -a a
=|0 1 Olcos¥+/aa, a aga,|l-cosd)+l a, 0 -a |sind
001 a3, aa, & -8, a 0

a;+cosd(l-a;)  aa (l-cost)—a,sind aa,(l-cos)+a,sind
=|aa (1-cosd)+a,sind  a;+cosfl-a))  aa,(l-cos)—a,sind
a3 (1-cos)-a,sind aa,(l-cosd)+asind & +cosi(l-a;)

o Yolo| 2= a =[a, a, a,] E FL2E 60+ 2HMHet

He=etee

a 9 a
iy
T [ -_‘-"’
: / R(T) K‘ w
ixE=w :1:\\ )|




3D Rotation as Vector Components

= cosbi+ (1 —cosé)(d-T)a+sinb(dxz) |

3D Rotation as Vector Components

a, a x

x' 3
¥' [=| Symmetric| | 2, | (1-cos0)+Skew| | a, | [sinB+Icosh | y
zl

a, a z

O The vector a specifies the axis of rotation. This axis
vector must be normalized.

o The rotation angle is given by q.
O The basic idea is that any rotation can be decomposed

into weighted contributions from three different
vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in
the direction of the axis.

0 The symmetric matrix is composed of the outer

product of a row vector and an column vector of the
same value.

a, a, a; aa, aa.
Symmetric| | a, ||=| a, [alv a, a__]= aa, a, aa.
a, a, aa. aa, a
a, |\ x
Symmetric| | a, || ¥ [=a(a-x)
a, )z

3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector

that is perpendicular to both the axis and it's input
vector.

a 0 -a, a,
Skew||a, ||=| a 0 -a,
a -a, a, 0




3D Rotation as Vector Components

3D Rotation as Vector Components

o First, consider a rotation by 0. :

a, al aa, ada, 0 -a, a 100 100
a, L0 |= a.a, a: a,a, (I-D+| a, 0 —a, [0+[0 1 Ofi={0 1 0
a7

o For instance, a rotation about the y-axis:
0 0 0 0] 0 01 1 00

Rotate]|1,8]=]0 1 0|(1-=costh)+| 0 0 0Olsinf+|0 1 0]|cos@

Rotate|
0 0 0 0] -1 0 0 0 01
aa, ada, af -a, d, 0 00 1 001 [0) cosfh 0 sinf
. . . Rotate||1[.6(= 0 1 [}
o For instance, a rotation about the x-axis:
0 —sinfl 0 cosfl
1 1 0 0] 0o 0 0 1 0 0 . ) . )
Rotate||0 [0 [=]0 0 0f1-cos@)+|0 0 =1|sinf+|0 1 0|cost o For InStance’ a rotation abOUt the Z-axis:
] 0 0 0] 0 -1 0 1 0 0
0 0 0 0 0 01 ] [
T Rotate||0].68]=|0 0 0)1-cos®)+|1 0 sinf+|0 1 0fcosfl
Rotate||0].8|=|0 cosfl -sind 1 0 0 1] 0 0 0 01
cosfl —sinf 0
0 sinfl  cosf
Rotate||0[.0]|=]sinf  cos@ 0
1 0 0 1
Quaternion Quaternion (Imaginary Space)
0 Ab@==(Quaternion) 2t 3Xt2 T HA0M (M-S O AFISE= AR 2 2A 2 (complex numbers)Q| 2HAHO| L}

SHIY, S CHAIO| AFRSH= 48t o 2
= 4Ih;J 2437t (complex space) el E{ 0| C}.
2 (™o HAH0| UM 71 2upH 0l HHO|C}
£ (quaternion)= 47}10] FHQAE HTISICE

2 H
[40 ok o

f

O o
> >
d0 >

o

q=(x y z w)

O 47 S0 8fLt= A= (scalar number)O| CHE2 A 7H=
ool St kof| A= Z£440|Ct.

g=Xi+Yyj+zk+w

= 2=k?=ijk=—
i = jk = —kj
j = ki = —ik

k=ij=—ji




Quaternion (Scalar/Vector) Identity Quaternion

O APl S AZER} Zf sof #iE Zf v 2 B EICH o HEIQHE 2| 2712 &S At S (Identity quaternion)Zt
ALt
q= <V S> o =24 g5 AF2l4 (multiplication identity quaternion) —
: JdeiM Ol 5 &S Aot ST O A=
HSHX| =Lk
v=(x,y,2) o
q=(0,0,01)=0i+0j+0k+1
S=W
o QA | A4 (addition identity quaternion) —
O7[M= AHESHA| B=C:
q=(0,00,0)
Unit Quaternion Quaternion as Rotations
O AR GlAto| A& Q|8He] THY| AFRI4 (unit O ARl HEO| oM YFEor 2A7F A=0 2[T=
length quaternlon)E AHEBIC} (axis a) 2 Z{&T (angle 8)2 LIEtE o= RUCt
o THQ AR (unit length quatermon)‘— INEIESYe] —_a sing . sine a, sme cosg
37|17t 10|':f O A2 4xt3 SZHoM B Z0|E a=| 2y &8s 2’ 2

HX|= +# (hypersphere )9l surface (&, 4%}

ZzhoA o] 3xtel 2|2 SASE HEZ o 2L}, o
‘q‘:\/x2+y2+22+wz -1 q= asing, cosg}

O AP0 M3} (normalization)2 Of2HQF Z0| F+StL} N
q q o 3

q= - 2 2 2 2 Ot

\Q\ \/x +Y +Z2°+W




Quaternion as Rotations

Quaternion to Rotation Matrix

\q\:\/x2+y2+zz+w2

=\/afsin2€+azsin2g+a§sinzg+coszg
2 7 2 2 2

- \/sinzg(af +a, +a22)+ coszg

= \/sinz g|a|2 +c0s? 9_ \/sinz Q+ cos? 9
2 2 2 2

Vi=1

0 AFHOE AT AUSE
AR Bt SIBIAE CHE Tt 2

X2 —y? 7% + W 2Xy — 2Wz 2XZ + 2wy
2XY + 2Wz X4y -zt +w 2yz — 2WX
2XZ — 2wy 2YZ + 2WX — X —yi 4zt +w

—2y* =27 2xy—2wz 2XZ + 2Wy
2xy+2wz  1-2x*-27° 2yzZ — 2WX
2XZ — 2wy 2yz+2wx  1-2x7 —2y?

Quaternion to Axis/Angle

Quaternion Dot Product

0 AFRE 3K S2H0A 2] 9| 2| = a (a, ay, a)t
2t

scale = \/xz +y*+z°> or sin(acos(w))

_ X
ax Acale

_Y
Y= scale

z2=12
a scale

6 = 2acos(w)

%= Zto| Y= (dot product)2 &= 7| HiIE
g2 YA o= ALSHH EICH




Quaternion Multiplication

0 Chel AbRl= AR S0 M 9| oF FefE B HoHY
M=o, + 702l TRl AbRla Zhel &2 & 719| B
s Agdet 2l LIEtU = B9l ARt EICt

0 AtEO &2 =AMt S0 AR 52
uetHE o] JREX| RE=LE ag' # g'g

qq = (Xi+yj+zk +w)x'i+y' j+ 2’k +w)
=(SV'+5V+V'xv,ss' V- V')

Quaternion Operations

a

a

Negation of quaternion, -q

B -[vs] =[-v-=s] = [-X -y, —Z —W]

Addition of two quaternion, p + q

mp+qg= [pv,ps]+Iqv, gs] = [pv + qv, ps + gs]
Magnitude of quaternion, |q]

= gl= X +y + 20+ W

Conjugate of quaternion, g* (Zgj| AF&=)

= g*=[vs]* = [vs] =[x -y, -z, W]
Multiplicative inverse of quaternion, g (¥4)qql=qlq=1
= gt =q|ql

Exponential of quaternion

m exp(v Q) =vsing + cos q

Logarithm of quaternion g =[vsinq, cos q]

= log(qg) = log(v sin q + cos q) = log(exp(v q)) = v q

Quaternion Interpolation

0 Ab4E 7| T (key frames)ZHo] &|F &7t
(interpolation)2 7t% MO E2 A3 4= QUCt
alpha = fraction value in between frame0 and framel
gl = Euler2Quaternion(frame0)
g2 = Euler2Quaternion(framel)
gr = QuaternionInterpolation(ql, g2, alpha)
gr.Quaternion2Euler()
O ARl E7F (Quaternion Interpolation)
m Linear Interpolation (LERP)
m Spherical Linear Interpolation (SLERP)
m Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

a

a

71 22 HAoE F o AtR=7Hel M E 7t (linear
interpolation) HfAl0| QIC}

Lerp(qy gz 1) = (1-1) q; + (1) q;

where0 <t <1 q,
Myuzt B40| 012 B
0<t<1

Lerp(ay a2 t) = q; + H(qz = qy)
qd:




Spherical Linear Interpolation (SLERP)

Spherical Cubic Interpolation (SQUAD)

o 7+™H M& H7t (spherical linear interpolation)2 HlE
g7t Z0|& FX|2t X2 2T g7t 2Tt %”é
I 2[™ot 1 AFO| gfE E7t5t= 23 olrt

sin((1-1)0) sm(t@)q

1

i Slerp(q,,q,,t)=
j P(d;,;,1) §ng
re §=acos(q, -q,)

sing(1-t) sm6{
sing ' sing

0=cos™ (g, *q,)

a) =

sin@

0 F B ARRIZ g, gy ALOIO] 3, a,,0lHe AHHIE
E ot ™ Hr HZF (spherical cubic
interpolation)2 Oz QF 20| ™ O|stLt.

Squad (d;, 9,15, 8,4, )
= slerp(slerp(q;, d;.,,t), slerp(a;, &, 1), 2t (1 1))

log(q, *q,,) + log(ql*q.ﬂ)J

a; =( *eXp( 4

—log(q;; *q, )+ log(a;; * di.z)

=0, *eXp[

=13
=]

£
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=
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O A2 ™4 BI3F (tangent orientation)




