Geometric Objects
and Transformation

Geometric Objects
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o M (Line)
m 2 points: R, Q P(a)
mv=R-Q
P=Q+av=Q+aR-Q=aR+(1-3aQ q
m P =a;R + a,Q where a; + a, = 1 (affine sum)
o HM (Plane)
= 3 points: P, Q, R
= T@a,b)=P+au+bv
m ne(P-Py) =0wheren=uxv
o 3Kt ZHA| (3D objects)
3% 27t Ljo] A S| Fetolt,
H HM(surface)of 2|8l 7| =11, £0| HIALCt (hollow).
HH EZ ChZH (convex polygons)@ 2 1 E %= QUCH
Qlo|o| Ctztd (arbitrary polygons)2 &2t CH2b&(triangular
polygons)2 2 & g(tessellate) =l Ct.

Py °

Coordinate Systems

o 7| XH"E (basis), vy, Vy,...., v,

o ¥9|9| HlE v v=ouV,+ oV, +.... 0V,

o {oy, dy, .... a}= 7| X0 CHet v0| ‘d&(component)
O|Ct.

m] 7|X-| Of CHat vo| E¥ (representation)= & S &
o sz 7| S & 9t

rr

- T_|%
a=[al; O ....0] =] .

Frames
O OFElZ 7t (affine space)2 H(point)S EEHSHCE.
o A™origin 22 7|MHEHZ HE=sS del=

BHAHE =4 (frame)O|2} £ =L}

o T2 (Por Vi, Vo V3)
O T2 YO HES| HH: v=ouv+ oV, +....+a, v,
O Z2 AU "ol E:P = Py+ v+ Bov, +.... 4BV,

v=[o;00;0]7

p=1[Bi BB 11"




Change of Coordinate Systems

0 0 S0, OpenGLOAM = 2 ZtEAH S 0|54
7|5HS “golottt. A2|a MA =aA=Z FATICH

Change of Coordinate Systems

Vl
V=ayV, +aV, +aV, =, a, as]V,

o 2709 CtE 7| X H g {vy, vy, Vv3}, {uy, u,, usg} Vs
Uy = Y1 V1tY1aVatYisVa o Vs U
Uz = Va1V1+Y2oVot23Vs 2\ v=[B, B, B,]u,
Us = V31V1+Y3aVotYasVs : u,
Yo YT T Vl u,
M=l"a T2 T2 e, o, ae]_ v, =B B Bi)u, [=[B B,
Ysi Y2 Va3 §V3 : U,
u, A a; ﬁl
u, |=Mv, a,|=MT|B,| ~a=M"b ..b=(M")"a
Us Vs a; P
Rotation and Scaling of a Basis Translation of a Basis
o 7| X HEH =9 &lghol 3™ (rotation)} 3 7|(scaling) o 2L}, ZIEksk /IF™ o] O] & (translation) B1EHE 3x3
Hot2 BTt oZ M CHE 7|N HIEHE2 IS REY matrix2 HEoIE|X| G=Ct
T '
vp 2 e |




Homogeneous Coordinates

vectorv=>aV,=[e, @, a; O

Change of Frames

o 2749 =y (POI Vi, Vo V3) (QOI Uq, Uy, Ua)

Up = v VityoVotyisVs
Up = V21V tY2oVotY2sVs
Uz = ¥31V1+Y3Vo1Y33VYs
Qo = YarVatvaaVotvagVs +P

T
Yo
REN
Va1

Y12
Y22
Y3
Ya2

Y13
V23
Y3
Va3

- o o O

V, Ug

OpenGL Frames

[ [ N [ o [

a

HH[(2E) ZtEAH (model-view coordinate system)
MA =tHEA (world coordinate system)

=7t 2} EE A (camera coordinate system)
EdHzt 9l 2|& (clipping coordinate system)
Mzt &KXl ZFEA (normalized device coordinate
system)

Hl = 2(2tH) ZtEA| (screen coordinate system)




Transformations

o H#3} (transformation)2 H(E= HEH)S
CHE o2 jEA|I7|= &4=0|C}
0 OpenGLO| A= 2AHA (x, y) ZtES 3AHR (%, y, 2)0|A]

2=091 ZL 2 % FHCH.

5t 1 H=

-t

OpenGL
calls

ﬂ

ModelView —[]— Projection —[]— Rasterize =[]
transform transform ﬁ

Display

General Transformations

0 &X}ZtHE(homogenous coordinates)E A& oHCHH
HEQF HE 44 E d8= LIELE = 1, FO{7
TR UMM Ha ME ol HHS HESHE THY et 2

= =1

H 3l X o|st 2 QIC}.

Affine Transformations

o Ot 3} (affine transformation)& A& A (colinearity)2
5

= = EESICL o Mol A= 2= FHO| gl S0
BetEl M gof =X ok

o EEBH A 2|9 H|g(ratio of distance)E S X|BHCL.
] |

=, 3t 420 FH (midpoint of a line)0| et S0 = HBHel
M=ol SHo| X|BLt.

o P’ = f(P)

o P’ = f(aP, + BP,) = o f(Py) + B f(P,)

Affine Transformation

0 AEH JHTA0AM ERE SH= Halo| [f5

ofml =3l0|C} Ofm SIS 0| (Translation),
(Rotation), 3 7|2t (Scaling), 2 2! (Shearing)
L obotLt.

O HBE H Py, 2)e AR

—_

mjo tot Hr
r

P
(linear combination)2 2 B3S £ QULL, ie.

X a Qi a3 Qyy

y
z Ay Az Oy Oy
1




Affine Transformation

Geometric Transformation

o HetE ® P (X y)E el F P (x y)el dAEXE (linear
combination)© 2 B3 4= ULt ie.

X = [0 X + Y + 03
y Oy X + 0y Y + Oy
1 1

— *
X1 =[] 07 O 043 X
y Oy Oy O3 y
1 0 0 1 1

o 7|sFetA 2K o] H=Hgeometric transformation)O| 2t
StLt L= 1 O 9| 7|5tetH K| E BEARSH= He

182 MEe AXE 87I1E g2 ojujeicy

o Of I, XS §HS AtO|e] 2A S FXISHEHA

N

O Basic transformation
= O|= (Translation)
= 3|™ (Rotation)
m A 7| (Scaling)

2D Translation

2D Translation

o O|= (translation)2 FO|Tl Bato =z AHSH AH2| d d,
d)ZE 8 Px y)& sAM M22 8 P y)S &=
A AHO| T
X' =x+d, y
y =y +d,

Translate individual
vertices




2D Translation

Rotation

o 2D translation

X'= X+t
y=y+t

o Inverse translation
X =X -t
y=y -t

o Identity translation
X' =x+0
y=y+0

o 2XH Ho| #FE (0,000 Chsll Zt= 0 2F =™ (2D
rotation about the origin by 0)
(]

0
® 0 > 0 : Rotate counter clockwise in RHS

(X, y)

'\e 0 < 0 : Rotate clockwise in LHS
{ ]

0= arctan(lj
X

OpenGL RHS CCW

2D Rotation

2D Rotation

O Rotation of a point P(x,y) by 6 about an origin (0,0)

X = r cos (¢) y = rsin (¢)
X' =rcos (¢ +0) y=rsin (¢ + 0)

X' =ircos (¢ + 6) .(x,y)
= )| cos(8) =Ir sin(@) sin(®).;
= X cos(0) — ysin(® 0
y =irsin(o+ ) r oY)
=i[r sin(9) Jcos(6) Ir cos(@] sin(0) ¢
= y cos(8) + x sin(0)

x' = x cos(6) — y sin(0) X' cosfd —sin@\ x
y' =y cos(6) + xsin(0) =]
y sing cos@d |y

Rotate individual
Vertices




2D Rotation about an Arbitrary Pivot

2D Rotation

O Rotation of a point P(x,y) by 6 about an arbitrary pivot
point, (X, y,) :
P' = R(0) P

o 2D rotation
R ={(cosB —sine]

sin® cosH

X' =X+ (X=X )cos0—-(y-y,)sino _
y =y, + (X=X)sin® + (y—y,) cos 0 O Inverse rotation
o R1 =(cos® sind ]
o 0 Y) -sin@  cosO
d o Identity rotation
(X y)
(I) R9:0 =(1 O \
(X yy) 01
2D Scale 2D Scale about an Arbitrary Pivot

o 37| #Het (scaling)2 M| E scaling factor (s, s,)= 3 H|
BSAHL XA S = UL =, OrE B LA (affine
non-rigid-body transformation) t2t0|LC}.

o 37| #Heh2 28 H(pivot point)S ZHEICE Mh2tA
A2l 27|2 HX|= AO| OfL|2t ?[X|= B A =T}
X' =X S,

y =ys,
@2 T he .
. 2.2)

(L1)

(4.4)

o Scale a point P(x,y) by a scaling factor relative to an

arbitrary pivot point, (x; y¢) : P = S(s,, s,) P

X¢ + (X = X ) S,
Ye+ (Y =vys) sy

>
1

XS, + X (1=15,)
=ys, +y(l-5s)

<
|

Pivot point




2D Scale

o 2D scale

S =(s, 0

X

OSy

o Inverse scale

St =(1/s, O
0 1/s, J
O Identity scale
S =1 0‘
0 1

2D Reflection (Mirror)

o BEAF (Reflection)= D™H™EO| CHSEO 24| 7}
giijieto = Hetk|= Z40|Ct
s HhALE ZHE (angles)tf 37| (lengths)E EZE=BHC
o 2D reflection over x axis

mirre
X =X ) ),
y =-y 2N < k£
o 2D reflection over y axis [ 5
X =X X =
" _ < S)
y =Yy » 4 -5
o 2D reflection over (0,0) = ‘( HE
X' = -X
y =y

2D Reflection (Mirror)

o 2D reflection over a line, y = x

X =Yy
y' =X
o 2D reflection over a line, y = -x
X' = -y
y' = -X

2D Shearing

o Y-Z2 HSHX| &, x-= gteto 2 Hal(shearing)
B etotC)
XI — X + y. th
y =y
X = 1 Xy 0y X
y 0 0 y
1 0 0 1 1

H,, — Shear y into x




2D Shearing

o ZE (Shearing)#zt2 ZAH|Q| 27[0f HM=tE FX| Bt
O X-£2 HSIX| U0, y-= Histo 2 A2l Halsich
X' =X
y' = x hyx ty
X = (1 0 0)* [ x
y hyx 1 0 y
1 0 0 1 1

<

Homogeneous Coordinates

o 0|, 2|, A7|Het dES &5t7| ?I5H SAtxt®
(homogeneous coordinates)Of|A{Q| HHSISHZE 2 HEFY A

ALY,
O Xt ZEE 2K HP X )= P Xy wZE EDIC
(1, 2, 3)1t (2, 4, 6)2 &2 =K}=xt7® EHO|LC}
0 % B P y wol woh 00/%% 2 T2 e Hof
C}. QFOF w7t 07} OFL|EHE, T A (x/w, y/w,

a

42

—
7~

O

t.

Transforming Homogeneous Coordinates

Tdx, dy) =(1 0 dx O 2XI8 Bzt
0 1 dy = KXIELHE 2| 3x3
TEEETEIRS
001 i
R(0) =({cosO -sin0 O
sind cos6 O
0 0 1
S(sx,sy) =(sx 0 O
0 sy O

0 01

3x3 2D Translation Matrix

o I HE 9| & (matrix-vector multiplication)2 £
B EICL
X'| = [x]+ [d,
y' y d,
"I=(1 0 dy)*
y' 0 1 d, y
1 0 0 1




3x3 2D Rotation Matrix

x| =(cos® -sinB X

3x3 2D Scale Matrix

) o 0 X =(s, 0 ][x
y sin cos y y 0 s ||y
X, = c959 -sin6 0 X X1=(s, 0 0]%]x
y sing cos6 O y y 0 s, 0 y
1 0 0 17 1 0 0 1 1
3x3 2D Shearing Matrix Inverse 2D Transformation Matrix
T = (1 0 -d,
0 1 -d
X|=(1 hy] x Y
, ! 00 1
y hy 1 Jly
R1 = cos6 sind 0
-sin®  coso 0]
0 0 1
=(1 h, 0*
X S X ST = (15, 0 0
}i ny 0 1 )1/ 0 U5 0
0o 0 1




Composing Transformation

o Composing transformation O|2t Of2{ 79| H=t2
MO ZE HEA|FAM StLto| Hets O|F= g o|C
of

i =

3t XS wslsla D SO SHHOY| BF 7O

—

DL sizio] 242 2% 20 of &

Too- T

ICE Q = (M3 - (M2-(M1-P))) =M3-M2-M1-
(pre-multiply)

a

|

2
[S)

of

ox 1% rot
rOI- OI-

M
Al (associative)S THESHLYL.
M3 - M2) M1 = M3 - (M2 - M1)

[m|

o
ny
1o
i
Y

M3 - M2 -

rﬂA |I°¢

O
> o
w MY
1o
w IH
» Mo = rlo
|:J 1l

Transformation Order Matters!

Al (commutative)O| A ZI8}X| =L,

O et AHO| 542 netyA0| K| Bt
o gref 22 et B0t StEEtE &5t =A 0 et
25| oHE Z2aE 7HE & UL

2D Rotate about an Arbitrary Pivot

o ¥o|o| F P(d, d)0ilA 6 2tF 2xtR 2|
= T(-d,, -d )
= R(0)
= T(d, d))

1 0 dyf{cos6 -sind 0|1 0 -d,| = cos® -sin® d,(1-cos)+d, sind
0 1 dyf|sin6 cos®6 0|/0 1 -d sind  cos®  dy(1-cosb)-d, sind
1{/0 0

y
0 01 0 0

1 0 0 1
! T(-d,-d,) R(6) T(d,d,) *
g2 |

dd,) Va
[ f T

2D Scale about an Arbitrary Pivot

xrHy.
T(-d,~d,)- R®) T(d,d,) = R(d,, d,, 0)

o ool ¥ P, d)E BAoz 37|k
= T(-d, -d,)
= 5(s, sy)
= T(d, d,)

T(-d,-d,)- S(s,, s)- T(d,d,) = S(d,, d,, s, s,)




2D Scale in an Arbitrary Direction

Example: 2D Rotate about an Arbitrary
Pivot

o Qolo| Btsto g A J|JHEt (by rotating the object to
align the desired scaling directions with the coordinate
axes before scale transformation)

= RY0)
= 5(s. s,)
= R(O)
cos®  -sin6 0 ||s, 0||cos®6 sind 0 |= sc0529+s sin%0 (sy-sy)cosbsin® 0
sin@  cosO Sy -sin®  cos® (s5-8y)cos0sin® syc0529+sxsin26 0
0 0 0 1

R(0)

l R-1(0) ' S(sesy)

B (1)), B, BAHE X 3 Hzde
& 22)0] thst0l 455 s|Fste) ;
1. Translate point to origif; —[ } * vvvvvvvvv ”
2. Rotate 45 degreesg _ 707 —.707 1

707 707

I\J

N

L)
—
1
S

01 2 3 4

2
3. Translate back to original locationTl, :{2}

4. Composite transformation P = RP+ T) + T,

i (ST

Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary
Pivot

oP;(1,1)

r707 —707]T1] [-2 [2] {°
R'= + + .
|.707 707 }(L} {_ QD {2} B 7 !

= ) 14

707 707

oP,(3 1)
, {707 —.707] ﬂ {—2D H R
P,'= + + 4
707 707 |\[1] |-2]|) |2] s
707 —.707]([ 1 2 ® | x
707 707 | [-1])7]2 C
_[La14]
0
_[3414
2

o = N [} £ o
L]




Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary
Pivot

o P;(3, 4)

. [.707 -.707[3
P,'= +
707 707 || |4

_[-707 70711} [2 N
Cl707 707 |([2]) |2 zE
—.707] [2

= +

(2121 |2

1293

4121

o P N oW

o Result:

o = > W M O
L)
(= 2 W & U1
’r

=

11,3134 H3l S

(2,0.59), (341, 2), (1.29, 4.2)

Example: 2D Rotate about an Arbitrary Pivo

Using Composite Transformation Matrix

Example: 2D Rotate about an Arbitrary Pivo
Using Composite Transformation Matrix

o 84 (11), B1l), BAHE &= ot dadE E 220

CHsHY 455 2| ™ StEL

o P'= T(2,2)R(@45)T(-2,-2)P
M =T(2,2) RAST(—Z,—Z))

1 0 2|cos(45°) -sin(45°) 01 0 -2
=[|0 1 2| sin(45°) cos(45°) 00 1 -2
1|0

M P

0 0 1] o 0 0 1
707 -707 21 0 -2
=|.707 707 2}{0 1 2]
0 0o 1]o 1

;707 -.707 2
=|.707r 707 -.828
0 0 1

=M

1. P,

707 -707 2 1 2 1
P'=MP,=|.707 .707 -.8281|=|.586 4
0 0 1 |1 1 1 L0
1
2. P, 707 —.707 2 3] [3.414] %7
P'=MP,=|.707 .707 -.828[1|=| 2
0 0 1 1 1 fy ‘
3. P, 3 :
707 —707 2 T3] [1.203 =
P'=MP,=|707 707 -.828|4|=|4121| | X

0 0 1 |1 1




