Geometric Objects
and Transformation
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3D Shear

¥ Shear along x axis

3D Rotation
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3D Rotation about the Origin

Rotation About a Pivot other than the
Origin
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3D Rotation about an Arbitrary Axis
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O The translation matrix, T(-P,)

1 0 0 -—x
T 0 1 0 -y

0O 0 1 -z,

0O 0 0 1




3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

O The rotation-axis vector ¥
u=~r,-P
= (X =Xy Y2~ Y1, 2o — Zy)
o Normalize u:
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O Rotate along x-axis until v hits xzz—p/ane

O Rotate along y-axis until v hits z-axis
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o Direction cosines:
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

o Compute x-rotation 6, ¥
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis
Using Rotation Vectors

o Rotation about the z axis
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3D Rotation about an Arbitrary Axis 3D Rotation as Vector Components
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3D Rotation as Vector Components s
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3D Rotation as Vector Components

X' a, a, x
¥ |=| Symmetric| | 2, | |(1-cos0)+Skew| | a ||sin@+TcosB | y
z' a, a, z

o The vector a specifies the axis of rotation. This axis
vector must be normalized.

O The rotation angle is given by q.

o The basic idea is that any rotation can be decomposed
into weighted contributions from three different
vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in
the direction of the axis.

O The symmetric matrix is composed of the outer
product of a row vector and an column vector of the
same value.

a, a a, aa, aa

. . a4, aa,

Symmetric| | a, | |=|a, [ax a, az]z aa, a, aa,
a, a aa aa, a
a, |\ x

Symmetric| | a, | | ¥ |=a(a@-x)
a, |) z

3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector

that is perpendicular to both the axis and it's input
vector.

a, 0 -a a,
Skew| | a, ||=| a. 0 -a,
a, -a, a, 0




3D Rotation as Vector Components

o First, consider a rotation by 0. :

a, a’ aa, aa, 0 -a a 100 100
a, l0|=|a.a, a; aa, [I-D+| a, 0 =-a|0+]0 1 Ofl=(0 1 0
a, aa, aa a -a, d, 0

o For instance, a rotation about the x-axis:

1 1 0 0] 00 0 1 00

0.,0]1=10 0 0fl1-cosH+|0 0 -—1|sind+|0 1 Ofcost

0 0 0 0] 0 01
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3D Rotation as Vector Components

o For instance, a rotation about the y-axis:

0 00 0 0 01 1 00
Rotate|[1[.0[=]0 1 Ofl—-cos@®)+| 0 0 Ofsin@+|0 1 0]cos@

0 0 0 0 -1 0
[0 cosfl 0 sm@

Rotate||1],60]=] 0 1 0

|0 —sinff 0 cosf

o For instance a rotation about the z-axis:

0 0 0 0 0 1
-0 cosf —sinfl 0

0 0 0] 0 -1 0 1 00
Rotate||0,0|=]0 0 0]d-cos®)+|1 0 Ofsinf+]0 1 0]cos8
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Quaternion
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Quaternion (Imaginary Space)
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Quaternion (Scalar/Vector)

Identity Quaternion

o #MEet= FE| 2702 && AR S (Identity quaternion)?}

olck.

0 &d s A (multiplication identit quaternlon)
A O] 2M SHE A2 28|l o] AR
HSLX| Y=Ch

q=(0,0,0,1)=0i +0, +0k +1

o JAd CHR| A= (addition identity quaternion) —
07| M= AHE5HA| =Lt

q=(0,0,0,0)

Unit Quaternion

o AP Gt He[d S @It Ehel AR (unit
Iength quaternion) AHESHEL
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Quaternion as Rotations
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Quaternion as Rotations

Quaternion to Rotation Matrix

‘q‘z\/x2+y2+zz+w2

., 0 ., 0 ., 0 %
=.|lalsin’ =+a’sin’ —+a’sin’ —+cos’ —
' 27 : 2 2

:\/sinzg(ai +ai +af)+coszg

:\/szﬁ‘a‘z +c0s2g =\/sinzg+coszg
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o ZEHE FoT AHsE 24 Z2I-0A 2o
AHESH| /oM E Chaar 22 dE = Hgh
¥ =y -z +w 2xy—2wz 2xz+2wy
2xy+2wz —xX*+y = +w 2yz=2wx
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SHAE =S EH S0|E:
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1-2y*-22° 2xy—2wz 2xz+2wy
2xy+2wz 1-2x* -2z2° 2yz—2wx
2xz-2wy 2yz +2wx 1-2x7-2y°

Quaternion to Axis/Angle

Quaternion Dot Product

o AFRlS 3K SZH0A ] 9| 2= a (a,, a, ay)ut
= (0)0f 2ot #oio 2 ek

scale = \/x2 +y*+z>  or sin(acos(w))

_y
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Quaternion Multiplication

o TH9| ALl 3%hel BHOIM Q| B werg ES5LY)
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o AFRIS0| B2 £A Tt SRt A4l B2
meHE o] SEEX Y=Ct qq % qq

qq’' = (xi+ Vj + zk + w)(x'i+y'j+z'k+w‘)

= <SV' +8V+ VXV, 85 —Vv- V'>

Quaternion Operations

o Negation of quaternion, -q
B -[vs] = [-v-s] = [-X =Y, =Z W]
Addition of two quaternion, p + q
= p+qg= [pv,ps]+I[qv, gs] = [pv + qv, ps + gs]
O Magnitude of quaternion, |q]
= ‘q‘z,lx2+y2+zz+w2
o Conjugate of quaternion, g* (Z2{l AFRI=)
B Qf=[vs]* =[~vs] =[x -y —Z, W]
Multiplicative inverse of quaternion, ' (82<)qq'=q'q=1
= g =qYq|
o0 Exponential of quaternion
m exp(vq) =vsing+ cosq
O Logarithm of quaternion q =1[vsinq, cos ql
= log(q) = log(v sin q + cos q) = log(exp(v q)) = Vv q
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Quaternion Interpolation

o AtRleE 7] T Y (key frames)Ztof 3| 27t
(interpolation)2 7t R 2 Y = QULCH
alpha = fraction value in between frame0 and frameT
g1 = Euler2Quaternion(frame0)
g2 = Euler2Quaternion(frame1)
gr = Quaternioninterpolation(q1, g2, alpha)
gr.Quaternion2Euler()
o At 22t (Quaternion Interpolation)
= Linear Interpolation (LERP)
= Spherical Linear Interpolation (SLERP)
= Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

o 7HE 2 dAo= T IO ARt AR (linear
interpolation) 2410| QUL

Lerp(qq, g2 1) = (1-1) g4 + (1) q;

where 0 <t <1 d.
o M¥E7H 40| = 02 BY.
0<t<1

Lerp(dy, 9z t) = qq + t(d, — qy)
q,




Spherical Linear Interpolation (SLERP)

Spherical Cubic Interpolation (SQUAD)

o +8 M 27t (spherical linear interpolation)2
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