Geometric Objects -

Spaces

o HE ZZt (Vector space)

H]
. n AMQb ZH2 AZEEL (scalars)?t BIE (vectors)S 7HX| 2D QULCE.
Spaces and Matrix = Scalars: a, B, 3
m Vectors: u, v, w
o OItQl SZt (Affine space)
» HEZZH] M (points)O| F7tEICE
514780 = Points: P Q R
20174 7287 o #22lE &7 (Euclidean space)
9/21/2017 = 72| 7}'E (Concept of distance)O| F7}=IC},
T CHEw BrE 4l
Scalars, Points, Vectors Scalars
O 3 basic types needed to describe the geometric objects o CiMl Mo CHSF0] mBHH%| ZAsH K| HHiH Al M2
and their relations s a+B=P+a
o Scalars: o, B, 6 mo-Bp=f-a
o Points: P, Q, R ma+PB+y)=(a+p)+y
o Vectors: u, v, w '“'(B'Y>=(°"B)'V
o Bry)=(a-p)+(a-y
o Vector space She oMl AL
n scalarsp& vectors = 51'% 2 S H(identity) 0t &4 S-S 1
. 0=0 =
o Affine space :Z+1:1 ;?a )
Extensi f th t that includ int -
m pxXtension o € vector space at Incluaes a poin 0 E'JEIQ| Q:'l( nverse)J_f ‘é‘ﬁlg Q:||
"o+ ( a) =
mo-al= 1




Vectors

o HE+= 37|(magnitude £ length)2F &2F (direction)
= 7t QUL
o &5 (velocity)Lt E(force)t 22 22|
| SEA

=2 HEO[LC},
0 AEEHIYZ A M AM0|= Hske ME (directed line
segments)2 HE{ O|C},

Points

H(points)= SZHo A 2] | X|(position)= Z=LCt.

O ’é.*_'f HIE{QFO| H A
= H-F ¥ (point-point subtraction)2 HEE
» H-#E S (point-vector addition)2 S T

[

rn r2

N

¥

—

o HE= S Lol D™ E fIX|(position)E A =Lt -
° v=P-Q
v
P=Q+v
Q
Specifying Vectors Examples of 2D vectors
o 2D Vector: (x, y) +Y
o 3D Vector: (x, y, 2)
‘ector [3, 0]
lector [2, 1]
+y ) / Pt
+y Vector:[«T;+4] /
Vector: 3, 0]
-X +X
— +X (Or Or 0 (1’ _3l _4) ector [2, -5]
+X Vector —2,} vector10, =]
ector [2,1-3] \
2D Vector *z Point (2, -5)
3D Vector v

#H 0@, 0,00l H P(1, -3, -4 B E5l=

JE
n




Vector Operations

zero vector

vector negation
vector/scalar multiply

add & subtract two vectors
vector magnitude (length)
normalized vector

distance formula

vector product
= dot product
m cross product

a
a
O
a
a
O
a
a

The Zero Vector

direction).

Negating a Vector

o BE #E v SFHE vE 7K 2 ULk + (v) = 0

o S8 E
-(@, ay ay, ..., a,) = (-aq, -, -a3, ..., -a,)
o 2D, 3D, 4D HE{2| S ==(negation)
- ¥)=(x )

Xy 2=(x -y -2
Xy zw=(x -y -z -W

@35 -1)
@2 2) ©.3)

% %—5, 1)
(-2, -2) 0, -3)

Vector-Scalar Multiplication

o YE A2 5
a*x y 2)=(ax ay, a2
o HE AZef L7
Va* (x y 2)= W, y/o, z/0)
o oA
2* (4,5 6)=(8 10, 12)
Yo *(4,5,6) = (2,25, 3)
-3*(-5,0,04) = (15,0, -1.2)
B3u+v=_3u+v

v 2v 0.5v




Vector Addition and Subtraction

Vector Addition and Subtraction

—J25+16+49
=+/90
=310

~9.4868

o HlE §3}7| (Addition) o B (Point) P O A E(Point) Q 2| HE{IHE (Displacement

» =0/ ZAFE (head-to-tail axiom)2 2 H2 vector)= q — p 2 AAHEIC},

X1y Y10 Z0) + (X2 Yo Zo) = (X 4%, Y +Ya Z942)) +y

U+v=v+u
o #HE 7| (Subtraction) N T

X1 Y Z1) Xor Yar Z5) = (XX V1Yo 29725) % \q,' ?

u-v=-(v-u i Y\

u+v \/ =X \q\\x/ +X
v-u
u-v 3
-y
Vector Magnitude (Length) Vector Magnitude
o BIE 2] 37| (magnitude or length): +y
Examples: ||V||:\/V12+V22+...+Vri1 +v,
T "
=[5 () + 7 VI « Ty

R IME =+
” v =l ey

-y




Normalized Vectors

o HE O 37/0f &f2El0| H*'E1°I
H} St

E{ 9|
otits Zo2 g Ij7F QUCH
Clo

°

Distance

o5 ®P Qe
7{2|(distance)= CtS1t 20|

ALEIC P

o EFRIHE (Unit vector)= B E{ Q] A ';I‘E—I - .

37| (magnitude)7f 10|Ef. ) u::Ej i P
o SHEIE{Q| CHE O| &2 normalized : :ﬁ%t”c'lﬂ d-a-p d=q-p

vectors %._ /70/’/773/0|E|'-T'— £E I:|' - HEE_I ;/9/ Z/0/2 Astict
o #E 2| el ("Normalizing” a — = distance(P, Q = dl=1q -pl P \5

vector): 1 Q

Vv
Vnorm H_ V # 0

Vector Dot Product Vector Dot Product
o 5 HEZO| LA (Dot product): u * v o & HE 7o LHA LS HE 37| Hj22 77 BE 7t

(Ug, Uy, Uz, v, Up) (Vq, Vo, V3, o V) =

UqVi+ UpVot o + Uy gV ULV,

or n

u-v=>uy,

i
u-u=[uff
o O A:

4,6) (-3,7) =4*-3 + 67 = 30
(3,-2,7)-(0,4,-1) =30+ -2*4 + 7*-1 = -15

Zt= 9| AA}FQl(cosine)O| L.

il

u-v=uuuuvucose

6 = acos(u-Vv), where u,v are unit vectors

0= acos(




Dot Product as Measurement of Angle

o O

rlo

TELIESSE

o

g

rot

b 20|t

o, @Dy >0 when 0° <6 <90°

b, @-b, =0 when 8 =90’

b, a-b, <0 when 90" <6 <180’

Projecting One Vector onto Another

!

vZt =O{X|EH, O S StLe| #HE w

W,
Of Wt MEn Zinste ME02 LHs 4= QIO

= [

A
R .
g s %
U=sW—aV=W———V=W———V
Vv M o

..................
...........

...........

Projecting One Vector onto Another

If v is a unit vector, W=V +U
then ] -1

..............

Vector Cross Product

o HIEH2| 2™ (Cross product): u x v
X1 Y1 Z9) x (X2 Yo Z5) = (Y125 - Z4Y5

21X = X4Zy,
X1Y2 = Y1X2)
o O
(1, 3, -4) x (2, -5, 8) = ( 3*8 — (-4)*(-5),
(-4)*2 — 1*8,
1*(-5) — 3*2)

= (4, -16, -11)

u

uxyv




Vector Cross Product

o 5 #H 2t QN (uxv)Q A7|= Z HESl 7|t F
H

HIE{ 7 2H 0 O] AFQl(sine)2| & O|LC}. A
Jus = Juflv]sin @ L

Vector Cross Product

o & ZHEAMME HE y, v7f A A 22k (clockwise
wn)O2 XA uxvi LY HtE 2SS
7t2|7] 3, BhA[A et counterclockW|s turn)2 2
A M, u xv7f—?—EIE—'?'—E1 HOo{X|= &e= 7t2[7Ic

o LEL IEANME HE u, vIt EAA Yo Z 25
I uxve 22E *3f" %*%kg ZhE|Z| 3, A Ao 2

o X| ol [[H 15 EI E'I I:Ho.lx| I:I'c‘sg
o BALHA (parallogram)Q| @ (area)> bHZ 71|{“_f5._| Cf. 7ta|zIct
= bh lCIockwise turn
a =b(asin 0) a b Counterclockwise turn[
h b a
= |la||{jb||sin & .
0 lafljo | Left-handed Coordinates Right-handed Coordinates
° = [lax b
Linear Algebra Identities Linear Algebra Identities
Identity Comments |dentity Comments
U+V=v+u HE S8 met A a(U-Vv) = (au) v=u-(av) |HEHOLHI ATE & ZHEH
U—v=u+ (-v) HJ!E_I He | U-(Vv+w)=u-v+u-w H_-I!E.I I:-|A-II/HHHA-IIJ—|_|. |_|.|7<-| uHHtHxI
(U+V)+W = U+(V+W) M M Aoty uxu=0 #lE| Xt Q| @A (cross product)2 0
a(Bu)=(ap)u AZek-HE Sd AdotHA UxVv=-(Vxu) HIE Q| QM2 Bt sHH Al (anti-
o(u + V) = au + av AZEEp-BIE EHf A commutative)
(o + B)u =au + Bu uxv=(-u)x(-v) HMIE O QX2 2f HE{o| Hof 2[Xar ZCt
lewv]| =|e||V] AZtglo| & a(ux V) = (au) X v = u x (av)| HEQ| ™It AZtgt & ZATHH A
. - = BIE{O| CiAlT} C}2 HIE QO] QIE S

HVHZZO 2 2 HE | 37|= &4 (nonnegative) uXx (v+w) = (Uxv) + (uxw) éHHﬂﬂ-lil |OAA-I|:IEJI-|- 2 #EQtol 2
lul” +[v]" = Ju+v] oEt 2|2t HA (Pythagorean theorem) :

= BIE GIM AFZEE A (Trang | u-(uxv)=0 Dot product of any vector with cross
Ju+ V][ Ju+v] 28 (Triangle rule) product of that vector & another vector is
Uu-v=v-u Li & (dot product) i 2HHZA] 0
[v|=+v-v L& (dot product)Z Ol &t #E2| 37| g2




Geometric Objects

O Line
= 2 points
o Plane
= 3 points
o 3D objects
m Defined by a set of triangles
= Simple convex flat polygons

line)2 Hut MEQ| R (£ F Fel Wid)o|Ct.
|

Of 7§ H== A Al (parametric form): P(a) = Py + av
= olol &, vE Yol HIE

—

i Haaf HES2MN KM 20 50| 449

|
]
—-—= o
A

P=Q+oav=Q+aR-Q =aR + (1 -a)Q

oP=oR+ 0,Qwhere o, +a, =1
= hollow
Pl@) =Q +av
=Q+aR-Q =aR+(1-aQ
a=0
Q
Lines, Rays, Line Segments Convexity
o A4 (line)2 YYo=z Fots| Lt o =5¢k(convex) A= A Lo Yol & HS
o ME (line segmen e F A (two endpoints) AtO|o| M AZst= ME flo ¢ el Eol 7HX'" LHO“ AT,
ZZ0[L} 0 <= a <=1
o YA (ray)E= 3.} Ho2R2H ot dgfo = Fots| L
a>=0 *a=1 <]
o XM (line)Q| Hol: f
p(a) = py + ad (parametric) p
y = mx + b (explicit) a=0
ax + by = d (implicit) ,(,\096
pen = d < not convex
convex

", .
N
9/ n: normal
ance




Affine Sums

Convex Hull

o HHA H(convex hull)O|2H HE2| e P,P,,..P 2
Zzebote 7t A2 =5 7”Xﬂol':f.

o FOIZ HES Fa ZF (“shrink wrapping”) 222
A}
C - .

o N7He| & P,P,,....P, O 2|5 Holkl= AN E
TSI 2 Bl ofE Bhe
P:(X.1P1+ (X‘ZPZ ..... + (XnPn
ot Oyt a,=1
o FZ7HE QI H$t o> =0, i=1,2, .,nS0| A
nZie| Fof ofE gtof 2|5t0f TS0 M=ol e
HHA A (convex hul)O|2tD = 2ICH
o A HO| P, P,,....PJOIA HEO| ¥ AABL

MES mshst= AS >} OISk £ QIC}.

= =

rlo

rir
Ho
rn

Linear/Affine Combination of Vectors

Convex Combination

o HE9| MHES (linear combination of m vectors)
u m7Hgl tﬁlE‘-I V1I VZI . Vm
B W= oV + 0LV, F oL OV, Where oy, o, . 0, are scalars
o OROF Bl E{ O] M o:lIoI-Ol AZE} ZHE o oy - oy O
510 10|D4 o upQl Z=%Haffine combination)O| 5' Ct.

mooy to,+ . t+a, =1

4

_|

o F7HHQ M F a,>=0,i=1.2, ..mdto|A m7i2e| Ho
Ob{ 2tofl o5ty BHEO01Tl HE2| £
(convex huljO|2t11 = ZIC}
o [F2tA, Of2fel =2 DtESH= BlE ol MAXT2
HEI A (convex)O| L}
o +ay, + . +o,=1
and
o, 2 0fori=1,2, . m
o; = 01t 1 AtO|Of| E=XY
o Convexity
= Convex hull

0

2




Plane

Plane
o BH2 0B XS Sy 2N Falg - UL
o 3 F P, Q RO| ACHD THISHAL, R

o Pt QE A& ME (line segment PQ)
® S(a) =aP + (1 -a)Q
o Set RZ A= & (line segment SR)

= T(B) = pS + (1- PR (a, B)
o P, Q RO|| 95 2¥E[= EH (pIane)P
= T(o, B) = BaP + (1 - 0)Q) + (1 - PR S(a)

=P +B(1-a)Q-P)+(1-PR-P)
m 0< o, P19 T(o, p)of ZE 2 P, Q ROl 9l HEE|= &2t
LHOl| | X|BHCt.

0t

o StLEC| H (point) P2t & 7HS| HRASHA| Gi= HIE (two
nonparallel vectors) u, vOil 2I3lf ZHE|= HHO| 4|
= T(a, B) = Py + au + v
= P-Py=oau + pv (P= HHO| ot H)

o u, vo| 2[& ng 0|83tH HHO| B AI2 CtZat ZC}

m neP-Py =0 (where n =uxvand nis a normal vector)

Plane

Relationship between Point and Plane

o BH2 SiLtol HM HIE (normal vector) nit WH A9
H p,lzE BAHE L
= Plane (n, d) where n (a, b, ¢)
max+by+c+d=0
mnp+d=0

d = -nep

o B3 219 & poil Thel, ne(p - po) =0
o BHoF HOIO| MM WE no| £ 0|2tD, nep + d2

HHOM H ptX|2l 2 & 71T 7HY B2 AE| (the
shortest signed distance)& &€& = ULk d = -nep

o pat W (n, d)ol S A
w U nep + d = 02tH, p= HHO| ALCH
= 2% nep + d > 02tH, p= HEHC| HHZZO| AL
w B nep + d < 02HH, p= BHO| OHZOf| UACE

r

r




Plane Normalization

o HHO| H3t (normalization)
m YOOl HM HE (normal)E J13t
n HM B Ol ZO|7f A dof| FE2 F7| E0, d= FA| D3t
1 n d
—(n,d)=| —,—
[n]

Il |

Computing a Normal from 3 Points in
Plane

o S2[22 8 MHroM gHS F5tkak
s 22|29 HMHHE (normal)= 27H2] two non-collinear edgesE

A ASHCE (assuming that no two adjacent edges will be
collinear)

m 2|3, 2|H (cross product)2 73t 2 F2H(normalize) $HC}.

void computeNormal(vector P1, vector P2, vector P3)

{

vector u, v, n, y(0, 1, 0); n P1
u=P3-P2
v = P1-P2;
n = cross(u, v);
if (n.length()==0)
return y;
else
return n.normalize(); P3

Computing a Distance from Point to
Plane

o S0 oF BE (n, d)at BH 8ol oF E Qi 7+ 7HIkz
HE|E Fotet
= HHOl ¥ M HlE{(normal vector)Zt n 0|1, p= HH Aol ot M
oF E Qtel Az
W:Q_P =[X0—X, Yo=Y Zo_z] Q (Xo.YoZo)
b,
_new g
I
_[aCx =0 +b(y, ~y) +c(z, - 2) CiiE
Va2 +b? +c?
_ ax, +hy, +cz, +d
Ja?+b® +¢?

Closest Point on the Plane

o S0 stLtel F QoM ZHE 7hk2 EE (n, d)del F

O -

= p - kn (k= B QUM planeltQ| the shortest signed
distance)
= nO| EHR{HE{(unit vector)Q 42, Q (XoYoiZo)
k=neq+d n[:i,b,c]dquJrkn
P =q-(nq+dn




Intersection of Ray and Plane

oZM (ray) p(d = p, + tu & BH (plane) pen + d = 0 p,
m 'Tlél'ﬁ/% HOo| WXHH: nla,b,c] u
(Py+tu)-n+d =0

tu-n=-d-p,-n I

p(x.y,z)
_—(po-n+d)

t

Matrix
o Ch21F 20| At HEfZE B7|ot <At HIES dE M
(r x ¢ matrix) 2t $tCt,
« 7t22 HjYE WS ¥ (row)
m MEZ HIEE HEZ E (column)
= Mij= &2 €0 A= AL (element)

o THeF Mo HHIF HWAMSICHH denominator usn=0 " o o
mpepA M BWODF DAFSHR| QeCh M= |y mp | - 2) rows
o BFOF £ ZH0| QI [0, co)LHOfl RUXK| OB, BM S HEHD Mo T M
WALSEX| Bb=CF Y\
O p(—(po-n+d)J=po+—(p0-n+d)u a2) columns
u-n u-n
Matrix Square Matrix
2x5 4x3
matrix matrix M = Nondiagonal
2 4 7 7s 8 4 0 12 B elements
M3y
=y o N elemen
12 3% -1 onxndEZ n X HHE (square matrlx,)@? at._f[if. e.g.
m;,= -4 2x2, 3x3, 4x4
1/2 18 0 o Diagonal elements vs. Non-diagonal elements
my, = MEHE W ot
e

my,= 18




Identity Matrix

Vectors as Matrices

CC

= m1 HEE B

1 o o n-dimension HlE= 1xn & & =
= Ixn HE2  HEH (E= & HHOZLE BE)
I = 0 1 0 = onx] B2 FHE (FE Q #To|2tRE BE)
0 1
oD dsdE 52 CHRIYE (Identity Matrix)2 | £ 1,2 aig
H A[THCE, A= |a, A= { a;; Q5 A }
o 3 CfZpM0| ME 10|12, LIHX| A= 08 WRE 4= a
nx n’dYHZO0|C} 3
oMI=IM=M
Transpose Matrix Transposing Matrix
O M (rxc matrix)2| X[ E(Transpose of M)2 M2 2 1 4 7 10 4 1 2 3
HAISIH cxr matrix 2 HEHEICH
= M7= M 2 5 8 11 4 5 6
= (MD)T =M =
= DT = D for any diagonal matrix D. 3 6 9 12 7 8 9
T 10 11 12
a m a d g r
d e f = 'm e h X
g 1 C 1 y - X y 7
Z




Matrix Scalar Multiplication

o @O AZEL F (Multiplying a matrix M with a scalar
o =oM)
my, my; mq3 - | amy; omp; omg
aM = o my, my; Mys amy;  OMy QM
Mg, Mg; Mg; amz; OMz3  GMs3

Two Matrices Addition

o Matrix C= A (r x ¢ matrix)2t B (r
r x ¢ matrixO|C}.

x ¢ matrix)2| &M

=

o 2 ea ¢ = A2 i A4et BY i W40 Fo|T

= 16 4 4
12 -2 6
rxc

Two Matrices Multiplication

o Matrix C= A (rxn matrix)2t B (nxc matrix)2| & rxcO|C}.

o 2 A2 ¢ = A2l ith row?t B2 jth column?| vector dot
productof':f.

(m] n
Cij :;aikbkj 3+18+48

3| 7 1 (69) 35 52
* 6 4 9 = -10 115 -10
8 9 4 7200 38 75
nxc rxc
‘[ t must match t t  columns in result 1

rows in result

Multiplying Two Matrices

€ G2 G3 Cia G5 a;; ap
Ca1 Cp Co3 G5 |
C31 €32 C33 [C34 C3s az; az
Cq1 Cap C4g Cyg Cyg5 dq; Ay

Coq = @31Mqy + a3My,

my; My Myz Byl Myg

my; My, My Myl My




Matrix Operation

Matrix Determinant

|:1A+B—B+A %Eé%'ﬁ'@ﬂﬂgﬂﬂ
OA+B+C) =(A+B)+C: - Mol AGHHZA
O AB #BA : A E-lH FZo| natHile X =Lt

o H =

o (AB)C = ABC) : eHH-HH F9 %E‘ﬂ&
o ABCDEF = ((((AB)C)D)E)F (

O a(AB) = (¢A)B = A(aB)
O aBA) = (ap)A : 2Zet-HE 5
o (vVA)B = v (AB)

o (AB)T = BT AT

o (M;M,M; .. M, M)T = M.TM, ;T ... M3TM,™™M,T

=2419| ¢l (The determinant of a square matrix
)2 M| B2 “det M” 22 HA|EIC}
on-

square matrix2| determinant = 2|/ X| =Lt

O

Z Zog

a

IM| =|my; my,| =mymy,-mymy

my; My

M|

ll =y (Mg My - Mg ) *

my; (My; My, - My, Mgg)+

my5 (My; My, - My, My,)

Inverse Matrix

Cofactor of a Square Matrix
& Computing Determinant using Cofactor

o LM M (square matrix)2| S&l H(Inverse of M)2
1

O 2 HA|DIC}
Ve adjM
M|
o (M1 =M

o MM =M™ = |

o The determinant of a non-singular matrix (i.e, invertible)
is nonzero.

o The acyomz‘( E'_%‘EE) of M, denoted “adj M”2 Of QI X}

SHHO MA|HH (The transpose of the matrix of
cofactors . T
) adiM = |c;y ¢y o3
Cy1 Cxpp Co3

C31 Cap C33

o O QIXt (Cofactor of M= HEHE M| idint jEe
HMAHstof 2= -’n\-%”aé(Mlnor of M)QI Al (the
signed determinant)

o Cy = (-1 MU |

o AE E1 (cofactor)& A2t n x n determinant Al

M= Zmucu Zmu( DM “”\

IM]| = mn my, m13 my | = My | My mMy; My,
my; MMy, My3 My, msy Mgz Mgy
my; Mjz IMNzz Mgy my, my; My,

{12)
my; My, My My, -my, M|
+myy M

- m14 | M{14] |




Minor of a Matrix

o 2HZ (Minon= SEAE M| i1t jE8S Mot
o=

=
e REHE MU

Determinant, Cofactor, Inverse Matrix

M :(mn m12)

detM =m;m,, —m,,m,,

C:( 21
11

adjM :( 22 j
—m,, m,

M_lz 1 m,, -m,
detM\-m,, m,

Determinant, Cofactor, Inverse Matrix

m, m, My,
M={m, m, m,
My My My
detM = mll(m22m33 - m23m32)
_mlz(m21m33 _m23m31)
+m13(m21m32 _m22m31)
(m22m33 - m23m32) - (m21m33 - m23m31) (m21m32 - m22m31)
C= _(m12m33_m13m32) (m11m33_m13m31) _(m11m32_m21m31)
(m12m23 - m22m13) _(mnmz} - m]3m2l) (mnmzz - m12m21)

(m22m33 - m23m32) - (m12m33 - m13m32) (m12m23 - m22m13)

adjM = _(m21m33_m23m31) (m11m33_m13m31) _(m11m23_m13m21)
(m21m32_m22m31) _(mnm;z_mzlm31) (m]]m22_m12m2])
M= adjM

detM

Multiplying a Vector and a Matrix

(x y z)[p Py P,
% 9 9%

r, r, 1,

(XPX tyqutzr,  Xpytyqptzr, Xp, +Yqz+21'z>

= Xp +yq + zr

o HE-HEHO 55 0|85t zt&#A B2t (coordinate
space transformatlon)e #AY = UCL
uM = v // 82 MO| #lE| uE HE vE2 Bigt




Multiplying a Vector and a Matrix

o OpenGL (Column-Major Order)0fj A Bl E{-3 2 O]
v=M*u/ dE MO| BIE yE HIH vE Het

iid




