Geometric Objects
and Transformation

Geometric Objects
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o

o M (Line)

m 2 points: R, Q P(a)

mv=R-Q

P=Q+av=Q+aR-Q=0R+(1-0Q ‘g

m P =oyR + a,Q where a; + a, = 1 (affine sum)
o ™ (Plane)

= 3 points: P, Q R

B T(o, B) =P +oau+pv

m ne(P-Py) =0wheren=uxv
o 3XH K| (3D objects)
3Rt St Lol HE =2l Heto|ot
H H(surface)0fl 2Islf 7|&=x|1, £0| HIALCt (hollow).
M 22 CtZS (convex polygons)2 2 T E 4= QUCH

22| Tt (arbitrary polygons)2 &2t Ch2t(triangular
polygons)2 2 2 (tessellate) = Cf.

Py °

Coordinate Systems

o 7| XHE (basis), v, V,,...., V,

09| MIE viE v=o,V,+ oLV, +... 40V,

O {oy, o, ....a,} = 71X 0f Ciet vel d&(component)
O|Ct.

O 7|7('|01| CHSE vol EH (representation)= & & &£
g HHEE J|= & 5= QUL

O

rr

a=[0€1 az el QU

Frames

o OHEZZt (affine space)2 H(point)2 Z2SHCE,

o A8 (originLE2FH 7|MHHE E=S d2|=
HH2 =g Y (frame)O|2t £ 2Lt

o Z2: (Py, vy, Vy V3)

ZH AN HE Ol BH: v=a,v,+ oV, +... 4V,

o ZYH YN Ho BH: P = Py+B,v,+ BV, ... 4BV,

a

v=[o,a,050]7

p=1[BiBBs1]"T




Change of Coordinate Systems

Change of Coordinate Systems

o Ol S0, OpenGLOAM = 22 ZtEAS 0|54
7|5t 82 OHZF a2 MA EHEAZ AT

U =7Vt Vo tyisvs

V2

Yy

Uy = Y21 ViTY22Va Y23 V3 A
U3 = Y31V TY32V2Y33V3 3
YI] YIZ YI3
M = Yo Y2 Y2
Ysi Y Vs
ul Vl
u, [=M|v,
U, Vs

Vi

V=ayV, +aV, +aV, =, a, a,]Vv,
V3

~a=M'b ~b=M")"a

Rotation and Scaling of a Basis

Translation of a Basis

o 7|X HEHZ2| Hgel 2T (rotation)t 37|(scaling)
HalS ESStOo2ZMN CHE 7| HIEE9| &letS Q&g
o, v,

N |
\‘ "' V{[
=V]
>
V ,f
s,

LI_I_

o 2L, ZHEEsE 278 9| O] S (translation) 22 3x3
matrix2 E3E|X| F=C
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Homogeneous Coordinates

Vl
V2
vectorv=>aV,=[e, @, a5 0
V3
PO
Vl
- VZ
point P:P0+Zaiv =, a a 1
V3

R
o, a,
p|% V= %
a; a,
1 0 Vs

Change of Frames

o 27He] =& (P, vy, vy, V3) (Qq, Ug, Uy, Us)

U =Y Vit Vo tyisv;
Uy = V21 VitY2oVatY23Vs
U3 = V31V HY3VatY33Vs
Qo= V41ViHYa2Va a3V 1P

Uy, vy

u, -M v,

Us V3

Q, R
T Y12 Vi 0

Mo|Y2r T2 s 0
Yo Y Ym0
Yoo Yo Vs 1

)

u, Vi Vi i
u dv, v, |}
bT 2 :bTM 2 : a.T 2
u, A Vv,

0 (hE LR

7/11 }/21 7/31 7/41

M = Yo 7o TVn Va
Vis' Vs Vi Vas
0 0 0 1
~a=M'b

OpenGL Frames

HH(ZE) Xt EA (model-view coordinate system)
M A ZtEA (world coordinate system)

=(tH 2 ZEA (camera coordinate system)
Egeiz 9l Z2|d (clipping coordinate system)
izt X ZEA (normalized device coordinate
system)

=2 (3tH) ZtEA| (screen coordinate system)
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OpenGL Frames

General Transformations

o \\ho 4 9

2
- @

il
2]

AR

- - e
1 el 1| el ID

model space world space world space camera space

J
9 Q
& ol -

- - - g
oy e ¢ s

compute lightin

rojection clip map 1o screen

mage space

Zo Aol EIF HE L H S Hetsh= T
Het2 Holgd 4= ULt
q = f(p)
v = f(u)

Affine Transformation

Affine Transformations
o OFEHB (affine transformation)= M (colinearity) 2
A gtt
« 5 AMS HESCH 3 HO| s BE HO| M SO|E
#Hetzl M o EXY St
o EESH 72|9| H|2|(ratio of distance)S & X|StC},
n &, 5t ME2] T (midpoint of a line)0| B2t S0 = HEtE
ML SEO| fX|SHCL.
o P’ = f(P)
o P' = f(aP, + BP,) = a f(P,) + B f(P,)

o AFH dZHANAN ERE St Helo| (HEE2
Ot H=tO|Ct O B2 O|F (Translation), 27T
(Rotation), 7|2t (Scaling), 2 & (Shearing)=
oLt

o HetEl " P (x, y, 2)= Bl P (x y, 22 MAxY

(linear combination)2 2 EAY = QULt, ie.
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Affine Transformation

o HEE P (x, y)E el E P (x y)2l MdAEXE (linear
combination)2 2 B 5= UL}, je.
X'| = (o X + apy + oy
y O X + 0y + O3
1

1

— *

=0 O Oy O3 X
y Oy Oy O3 y
1 0 0 1 1

Geometric Transformation

o 7|oketd 24K 2| Ml geometric transformation)O| Et
StLt EE= 1 O 42| 7|5tetd KM E HASH= &2

dAE5S MER2 |IXZE &F7|= &8 2|0|atct.
o O M|, x| ZS2| HE= AO|e] #AE FXISHHA
StLiol Helo 2 M= MER YX[E F7UCH
O Basic transformation
= O|F (Translation)
= 3| (Rotation)
m 37|H3 (Scaling)

OpenGL Column-Major Order

o 2D transformation matrix, M

]

o Point pZ} column vectorO|™ (OpenGL) :

o Point pZ} row vectorO| &: p'=pM"

2D Translation

o O|S (translation)2 FO{ %l gist

o= st Ael d (d,
d)2tE & Pk y)g &AM ME22 8 P(x, y)S ¥
AHLHO|CE
X' =x+d,

y =y +d,

P’'=P+d where P’ =




2D Translation

Translate individual
vertices

2D Translation

o 2D translation

X' =x+d,
y'=y+d,

o Inverse translation
x =x —d,
y =y -d,

o ldentity translation
xX=x+0
y'=y+0

Rotation

o 2XH ol 2 (0,001 CHoll 2= 6 2HE 2T (2D
rotation about the origin by 6)
 J

0

® 0 > 0 : Rotate counter clockwise in RHS

(x. y)

’\e 0 < 0 : Rotate clockwise in LHS
[ ]

0= arctan(yj
X

OpenGL RHS CCW

2D Rotation

o Rotation of a point P(x,y) by 6 about an origin (0,0)

X = r cos (¢) y = rsin (¢)
X' =rcos (p+0) y=rsin( + 6)

.- rcos(¢+6) .............................. _ . (X, y)
= 0)| cos(6) =Jr sin(¢) .S.'.D.(.@...
= X cos(0) — ysin(0) 0
y, _ rs'n(+e) .............................. i .(X, y)
=i[r sin(@) Jcos(6) +Jr cos(g] sin(®): ¢
= y cos(8) + x sin(0)
X' = x cos(6) -y sin(6) X' cosd —sind ) X
y' =y cos(0) + x sin(0) = .
y' sind cos@ Ny




2D Rotation

2D Rotation about an Arbitrary Pivot

o Rotation of a point P(x,y) by 6 about an arbitrary pivot
point, (x, y,) :
P'=R(6) P

]

X' =X +(X—-X)cos0—(y-y)sino

1

Y=y, +(X=-%)sin® + (y-y,) cos 0
I:I o (X, Y)
Rotate individual q
Vertices (x, y)
¢
Xu Yp)
2D Rotation 2D Scale
o 2D rotation o 37|#et (scaling)2 M E scaling factor (s, s)=2 37|
i TEALE &A TS 5= QUCH =, OFE H|ZHH| afﬂne
R 6 -sind
c.ose sme non-rigid-body transformatlon) H2Ho| Lt
sin cos o 37| HEe I“‘*(pwot point)S ZFEICH HEtA
O Inverse rotation Ar|el 27|18t HX|= Z40| OtL|2} {IX| = HRR{A =Tt
RT =(cos® sind } X=X
-sin®@  cosO

O Identity rotation

1
0

Rozo =

0
1

|

y =y Sy (4.4)
@2) HEawme .
. (2,2)

(1.1)




2D Scale about an Arbitrary Pivot

O Scale a point P(x,y) by a scaling factor relative to an
arbitrary pivot point, (x; y¢) : P = S(s,, s,) P

<
|

=X + (X — X ) S,
=Y+ (Y-Ye) sy

<
|

XS, + X (1 =35,)
ys, + i (1-s5)

Pivot point

2D Scale
o 2D scale
S =1(s 0
0 sy
o Inverse scale
St =(1/s, O
0 1/s, }
o Identity scale
S =(1 O]
0 1

2D Reflection (Mirror)

o YEA} (Reflection)= T™EHO| O] 24 K| 7}
HiCHHisto 2 M3tz = Z40|Ct,
» BAHE ZHE (angles)Tt 37| (lengths)S EESHCL
o 2D reflection over x axis

mirror o{/er y
X =X (o=
y - AR | TEY
o 2D reflection over y axis & ®
X' = -X . o
>
r_ L Q
y - y > p 6
o 2D reflection over (0,0) 1 : E
X' = -X

1

y =y

2D Reflection (Mirror)

o 2D reflection over a line, y = x
. y

X’ =Y P’ y =X
y =X o /
o 2D reflection over a line, y = -x
X' = -y °P
y' =X "
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0 V-2 HBIA| %1, x-% WSO 2 U (shearing)
i3S C:
Xl = X + y. th
y =y
X = 1 Xy 0" X
y 0 0 y
1 0 0 1 1

H,, — Shear y into x

2D Shearing

o 2 (Shearing)Het2 x| 7|0 HtE FX| H=CF
0 X-H2 #OIK| QI y-F YO R UY wsCL
X' =X
y' =X hyx +y
X1 =1 0 0)* | x
y h, 1 0 y
1 0 0 1 1

Homogeneous Coordinates

o 0|5, 2|H, A7|Het HHEE 5317| 9IS
(homogeneous coordinates)Of| A{ Q| HBIHZ 2 HHFY A
ARg3tCt.

0 SAt ZHEE 2XHC] B P (x, y)= P (x, y, w2 BEHICL
o (1,2 3)1 (2, 4, 6)2 €2 SKEtE HFHO|C,
o 2FF A P (x, y, W) w7t 00|™, O H2 ZoHX|E O

Q| KIBFCE BHOF w7t 07F OFL|2HH, O H2 (x/w, y/w,

o
O}
NZ ®2og = ALCH

Transforming Homogeneous Coordinates

T(dx, dy) =(1 0 dx o 2Kt HSAEH2
S XEEO| 3x3
0 1 dy Sz mels &
00 At
R(0) =[(cos® -sin@ O
sind cos6 O
0 0 1
S(sx,sy) =(sx 0 O
0 sy O

0 0 1




3x3 2D Translation Matrix

3x3 2D Rotation Matrix

HE{ O] F (matrix-vector multiplication)2 2

] -6CI>IIEE1-TI—|' =1
HEHEL. X'| =(cos® -sind J X
| = [ x|+ |d, y' sind  coso y
y y dy
X1=(1 0 d)*|x x" = c9se -sind 0 X
y 0 1 d, y y sing cos6 O y
1 0 0 1 1 1 0 0o 1 1
3x3 2D Scale Matrix 3x3 2D Shearing Matrix
X| =(s, 0]]x X[ =(1 hyl[x
y 0 s, Jly y' w 1y
X =(s, 0 0)*|x X'| =1 hy 0] *[x
y' 0 s, O y y' h, 1 0 y
1 0 0 1 1 1 o 0 1 1




Inverse 2D Transformation Matrix

T1 = 1T 0 -d,
0 1 —dy
0O 0 1
R-1 = cos® sin@ O
-sin@ cos® O
0 0 1
S = 1/s, O 0
0 1 /sy 0
0 0 1

Composing Transformation

o Composing transformation O|2t O] 7§19 #&t3
MU 2 HEA|IAHAAM 5tLte| #Hiets 0| F = 1F0|C
o ot HE HEtst2] Ll oo SHEHOf| o H
Ngg o7l #o FAS +3e 0f
H SICE Q=3 - (M2-(M1-P))) =M3-M2-M1-P
(pre-multiply)

M
ATHHZA! (associative)2 DS HCL.
= (M3 - M2) - M1 = M3 - (M2 - M1)
WEHHE| (commutative)O| 4 2lSHX| =Lt

Transformation Order Matters!

o Heh HEO| HH2 et A O] JESHA| Y=Lt
o 2Hef 22 He HEO0[Zf StEEt: &otk= =M 0 Wet
25| oHE Z2aE 7HE & UL

2D Rotate about an Arbitrary Pivot

o ¥2lel F P, d)0IA 6 ZtE 2XHA 27
1. T(-d, —dy)
2. R(0)
3 T(dy dy)

1 0 d,fjcos6 -sin6 0|1 0 -d| = cosO -sin@  d,(1-cos)+d, sind
0 1 dyf|sin® cosb 0|0 1 -d sin@  cos® dy(1 -cos0)-d, sin®
0 01 0 0 1/|0 0 1 0 0 1

T(-d,-d,) R(®) T(d,d,) *

T(-d,-d,)- R(®) T(dyd,) = R(d, d,, 6)




2D Scale about an Arbitrary Pivot

o &elel ¥ P, d)E 2= A7|HE:
1. T(-d, d)
2. S(Sy s)
3 T(dy d)
1 0 <ls 0
0 1 YHO s,
o 0o 1]Jlo 0
T(-d,,-

T(-d-d,)- S(s,. sy)- T(d,d,) = S(d,, d,, s, s))

2D Scale in an Arbitrary Direction

o Yo|o| Wako = TS (by rotating the object to
align the desired scaling directions with the coordinate
axes before scale transformation)

1. R1(0)
2. S(sy sy
3. R(6)
cosO  -sin@ 0 |[s, 0||cosd sin@ 0 |= [s,cos?0+ssin?d (34-8y)cosBsin®
sind  cosO sy -sin®  cos® 0 (84-8y)cos0sin® 8,C08%0+s,5in%0
0 1 0 0

R(0)

l ‘ S(s,, sy

0
0

Example: 2D Rotate about an Arbitrary
Pivot

’S’H (1 1, 31), B4=

O 1 o
)il CHSHO] 455 saI Hotaf. 5 4
1. Translate point to origifl; :{ } 4
-2 { TH
2. Rotate 45 degreesy :{707 _-707} ' ¥
707 707 eres

2
3. Translate back to original locatioril’, = [2}

4. Composite transformation P = RP+ T) + T,

L S L

Example: 2D Rotate about an Arbitrary
Pivot

oP,(1,1)

7707 —707)(T1] [-2T) 2] 1°
R'= + + :
_707 707_ 1 ) 2 N . .

_[707 =707 —1D+H - é‘ )

707 707 -1

NG £ Y




Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary

oP,(3 1)
707 —.707([3] [-2 2
P,'= + +
{707 707 m {—2}] [2
707 =707 (] 1 +2 e
707707 |\[-1]) |2 Fo
1.414
0
[3.414
2

| |
S = N W A W
<

Pivot

o P;(3, 4)
(707 —-.707)([37 [-2 2 y

P3': + + Yo QL
707 707 |(|4] |-2 2

707 =707 ([ 1] [2 ! §
= —+ 0l :
707 707 [([2]) |2 P
-.707] [2

= +

2121 |2

[1.293
4121

Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary Pivo
Using Composite Transformation Matrix

o Result:
1Y 5 Yy
4 N
A —_— ‘
Mot ™ AZtsol N H @2 22 Moz 3|H
(1,1, G 1N, 3 4 Hot 2

(2, 0.59), (341, 2), (1.29, 4.2)

o 8™ (1,1, 61, B4HE #e ot MLHEZS A 2,20
LSO 455 9|J6+ .
o P'= T(2,2)R@A5)T(-2,-2)P = M P
M T(zz)R45T(2 2))

1 0 2] cos(45°) -—sin(45°) Ol 0 -2
=[l0 1 2|sin(45°) cos(45°) 00 1 -2
0 0 1 0 0 1o o 1

(707 -707 271 0 =2
=707 707 2|0 1 =2
0 0 1o o 1

=1.707 107 —.828 |=
0 0 1

(707 =707 2 ]




Example: 2D Rotate about an Arbitrary Pivo
Using Composite Transformation Matrix

Py 707 -707 2 1] [ 2 Jv
P'=MP =|.707 707 -.828|1|=|.586| 4
0 0 1|1 1 Iy N
1
2P, 707 —.707 3.414] S+——a5
P,'= MP, =| .707 828 | |
0 o/
3. P; 3
707 -707 2 1293] 2 )
P'=MP,=|.707 .707 -.8284|=|4.121| L
0 1




