Representing Orientations
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o We will define orientation to mean an object's
instantaneous rotational configuration.

o Think of it as the rotational equivalent of position

o Direction
= Vector has a direction but not orientation

O Rotation
m An orientation is given by a rotation from identity orientation

o0 Angular Displacement
m The amount of rotation is angular displacement

Representing Orientations

Euler Angles

o 3D orientation 3 A2 O 2{7FX[ 7} =R BHCL
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Rotation vectors (axis/angle)

Rotation matrices (2|3 &)

Quaternions (At %)

o Euler Angles
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Euler Angles

o 222{Zt2 Yaw, Pitch, ROIZE E
o Yaw (rotation about Y), Pitch (X), Roll (2)

OpenGL/DirectX S0{lAl AHE 3L,

Euler Angles to Matrix Conversion

Euler Angle Order
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m XYZ (fixed) system is shown in blue.
m XYZ (rotated) system is shown in red.
m The line of nodes, N, is shown in green.
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Vehicle Orientation Using Euler Angles

o YEHHO 2 Vehicle A2 EJSH= 42, yaw (y),
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Rotations not uniquely defined with
Euler Angles
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35 4k 40l M2 =EHO[X| OFEFL HOolLt.
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o Cartesian coordlnates._ M2 =gHolct &, golo F
X=X Y, Z = YK 2 #H 755t
= Arbitrary position = x-axis position + y-axis position + z-axis
position
o J2{L}, Euler angles2 = 2 & 0| X| Q4LCt,
= Arbitrary orientation = x-axis rotation matrix * y-axis rotation
matrix * z-axis rotation matrix
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Gimbal Lock
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Problem with Interpolating Euler Angles
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glm::yawPitchRoll

glm:rotate

o glm:yawPitchRoll

// Yaw/Pitch/Roll -> Rotation Matrix
glm:yawPitchRoll(yaw, pitch, roll) ;
float yaw,
float pitch,
float roll

// by y-axis (in radians)
// by x-axis (in radians)
// by z-axis (in radians)

pitch

roll

o glm:yawPitchRoll vs. gim:rotate (X/Y/Z)

m YawPitchRoll — rotations in local coordinate system

m Rotate (X/Y/Z) multiplication — rotations in world coordinate
system

glm:mat4 R1, R2, Rx, Ry, Rz;

Ry = glm:rotate(glm:mat4(1), 60, glm:vec3(0, 1, 0));
Rx = glm:rotate(glm:mat4(1), 30, glm:vec3(1, 0, 0));
Rz = glm:rotate(glm:mat4(1), 45, glm:vec3(0, 0, 1));

R1 = Rz * Rx * Ry;
R2 = glm:yawPitchRoll(60, 30, 45);
RT1 1= R2

YawPitchRoll vs. RotationX/Y/Z

YawPitchRoll vs. RotationX/Y/Z

R1 = Y-axis rotation 60

R2 = Yaw 60

R1 = Y-axis rotation 60 R2 = Yaw 60
* X-axis rotation 30 Pitch 30




YawPitchRoll vs. RotationX/Y/Z

i Z
R1 = Y-axis rotation 60 R2 = Yaw 60
* X-axis rotation 30 Pitch 30
* Z-axis rotation 45 Roll 45

Rotation Vectors and Axis/Angle

o Euler's Theorem also shows that any two orientations
can be related by a single rotation about some axis
(not necessarily a principle axis).

o This means that we can represent an arbitrary
orientation as a rotation about some unit axis by some
angle (4 numbers) (Axis/Angle form).

o Alternately, we can scale the axis by the angle and
compact it down to a single 3D vector (Rotation
vector).

Axis/Angle to Matrix

O To generate a matrix as a rotation 6 around an arbitrary
unit axis a:

a +cosf(1-a’) aa,(l-cosf)+a,smnéd a,a,(l-cosd)-a, sin 0
. 2 2 .
a,a,(l-cost)-a,sin 0 a, +eosd(l-a)) a,3,(1-cos)+a,sin 0
a,a,(l-cost)+a,sm6d aga,(l-cosf)-a,sind a’ +cosf(1-a’)

glm:vec3 axis(0, 1, 0);
float angle = glm:radians(60);
Glm:mat4 R = glm:rotate(glm::mat4(1), angle, axis);

Quaternions
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o Quaternion (A& ) EH
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Quaternions (Imaginary Space)

Quaternion (Scalar/Vector)
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o 4702 M 24 FOf| StLte A4 (scalar numben) 0|11
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Unit Quaternion
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Quaternion as Rotations

Quaternions as Rotations
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Quaternion to Rotation Matrix

Quaternion to Axis/Angle
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Matrix to Quaternion

Quaternion Dot Product

o BEOAM A2 #HEe

_ \/m”+m22+m33+1
2
My =My, y = My =M 7 = My, =M,
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W

X =

o 2Hef w=00|®, Lt ALHO] O|F Ol E = QILCt. First,
determining which g0, q1,g2, g3 is the largest,
computing that component using the diagonal of the
matrix.

| LiX (dot product)2 & 7i9| HiIE
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Quaternion Multiplication

Quaternion Operations

0 EHl ARYIaE 3%hl Z7HOIMO| Bt WrEte mHiB}Y]
A C}

3| HME Aest 3™ 2 LIEHL = T =C
o AHRIFQ| 52 =M7L SRSICH AF-o 52
wetHAOo| JdEE[X] =L} qq' # 9'q

qq’ = (Xi+yj+zZk +W)(x'i+y' j+2'k +w)

= <SV' +S'V+Vv'xv,s8 —v- V'>

o Negation of quaternion, -q
B -[vs] =[-v-=s] =[-X -y, —Z —-W]
o Addition of two quaternion, p + q
= p+q= [pv,ps] +[qv, gs] = [pv + qv, ps + qs]
o Magnitude of quaternion, |q|
= g =y 2 W
o Conjugate of quaternion, g* (Z2ll AFY =)
mgQt=[vs]*=[-vs] =[x -y -z, W]
o Multiplicative inverse of quaternion, ' (2<F)qq'=q"q =1
= g =q|q|
o Exponential of quaternion
m exp(v Q) =vsing + cos q
o Logarithm of quaternion g = [vsinq, cos q]
= log(qg) = log(v sin g + cos q) = log(exp(v q)) = v q




glm::quaternion

o // rotation matrix (4x4) -> quaternion

glm:quat quat1 = glm:quat_cast(matrix1);

o // axis/angle -> quaternion

glm:quat quat1 = glm:axisAngle((float)M_P1/2.0, flim:vec3(0, 1, 0));
o // quaternion -> Euler angle (yaw/pitch/roll)

glm:vec3 euler = glm:eulerAngles(quat1); // XYZ

float yaw = glm:yaw(quat1); // Y

float pitch = glm:pitch(quat1); // X

Float roll = glm:roll(quat?); // Z

O // quaternion -> rotation matrix (4x4)

glm:mat4 R = glm:mat4_cast(quat1);

o // rotate a vector by a quaternion

glm:vec4 vec = glm:rotate(quat1, glm:vecd(, 2, 3, 1));

o // rotate a quaternion by axis/angle

glm:quat g = glm:rotate(quat1, (float)M_PI/2.0, glm:vec3(0, 1, 0));

Quaternion Interpolation

o AHEE= 7] Z2| Y (key frames)ZHO 2| ™ E7F
(interpolation)= 7t& 2o 2 e 4= UL}
alpha = fraction value in between frame0 and frame1
g1 = Euler2Quaternion(frame0)
g2 = Euler2Quaternion(frame1)
gr = Quaternioninterpolation(q1, g2, alpha)
gr.Quaternion2Euler()
o AR 27 (Quaternion Interpolation)
= Linear Interpolation (LERP)
= Spherical Linear Interpolation (SLERP)
= Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

o 7t 9|2 HAoZ T IHO| A7 MHAE T (linear
interpolation) 2f410| AL}

Lerp(qq, g2 1) = (1-1) 94 + (1) q;

where 0 <t <1 dz
o MEEZE ZA0| & Cf2 BH:

Lerp(qq, 92 t) = g + (2 — q4)
q4

Spherical Linear Interpolation (SLERP)

|
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Why SLERP?

o AbRl=el S7He| 7+ St (h persphere) )9l 44
=0, Ol *.J%i SIS B0 S & O X} 7f M2ICt

o 5 ¥ 2210 Sdu Jhe SE20] Be| X[L7H
EICE O0f gteff 7+ MY H7t2 A-I {2 E
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o Lerp 1t Slerp2| XtO|H
= The interpolation covers the angle v in three steps

m [Lerp] The secant across is split in four equal pieces The
corresponding angles are shown

m [Slerp] The angle is split in four equal angles

Spherical Linear Interpolation

o Remember that there are two redundant vectors in
quaternion space for every unique orientation in 3D
Space

o What is the difference between:

Slerp(p, g, t) and Slerp(-p, q, t) ?

m One of these will travel less than 90 degrees while the other
will travel more than 90 degrees across the sphere

= This corresponds to rotating the 'short way’ or the ‘long way’

= Usually, we want to take the short way, so we negate one of
them if their dot product is < 0

Why SQUAD?

o Slerp2 2709] AbRIS 7Ho| B 7HS s@q

o StX| 2 O 2] 7Ho| AfRls ZHO| HZIO| A Slerp=
ALESHH LR A B B2ZICt [MatA, o 72

A3 7o B 7hE BT f{3i A= SQUAD &2 spline
interpolation2 AHE3lOF SHCF.

@—~Spline Interpolation

...,.--""':.Linear Interpolation

Spherical Cubic Interpolation (SQUAD)

cQlottt ™ %E‘! E7f (sp herlcal cublc
interpolation)2 Of2H 2t 7Fo| ‘dolBtLt,

Squad(qi:qi+1aaia i+19t)
= slerp(slerp(q;, g, 1), slerp(a;, ., 1),2t(1-t))

—_ -1 E3 -1 *
a=q *CXP[ log(q, qi*')4+ log(q; qi+l)j

= qi+1 * exp

[—log( Oi) * 0, )+1og( Oi) *iy)

3y = X7 AFS0|Me M B (tangent orientation)
= BA|St=H AFEEICH




glm::quaternion

o // slerp(gy, 9, t) spherical linear interpolation between
two quaternions, g, g, according to t

glm:quat quat3 = glm:mix(quat1, quat2, alpha);

o // squad(qy, g, Sq. S»t) spherical cubic interpolation

glm:quat quat3 = glm:squad(quat1, quat2, s1, s2,
alpha);

Catmull-Rom Spline Interpolation

o Given n+1 control points {P, P, .. P}, you wish to find
a curve that interpolates these control points (and
passes through them all), and is local in nature (i.e. if
one of the control points is moved, it only affects the
curve locally) — Catmull-Rom Spline.

o The Catmull-Rom Spline takes a set of keyframe points
to describe a smooth piecewise cubic curve that
passes through all the points. In order to use this
routine we need four keyframe points.

o Given four keyframe points, P, P,, P,, P;, the curve
passes through P, at t=0 and it passes through P, at
t=1 0 <t < 1).

o The tangent vector at a point P is parallel to the line
joining P’s two surrounding points.

Catmull-Rom Spline Interpolation

o // Catmull Rom Spline Interpolation

glm:vec3 position = glm:catmullRom(vec1, vec2, vec3,
vec4, alpha);

Path Animation
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Path Controlled Translation & Rotation




