Geometric Objects
and Transformation

3D Transformations
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3D Shear 3D Rotation
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3D Rotation about the Origin

Rotation About a Pivot other than the
Origin
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3D Rotation about an Arbitrary Axis
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O The translation matrix, T(-P)
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

o The rotation-axis vector y
u="~r,-P,
= (X =Xy Y2 = Y1, 2o — Z9)
o Normalize u:
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O Rotate along x-axis until v hits xzz-p/ane

O Rotate along y-axis until v hits z-axis

o Find 0, and 0,
v = (o, o, a,) Y

2 2 2 =
o’ + ol + o, =1

o Direction cosines:

cosg, =a,
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cosg, =q,
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis

o Compute x-rotation 6, y
_ - A
10 0 0
a e
o % _Zv 0 7
Roy=| 4 4 O
0o X Zz 0 id:
d d
0 0 0 1
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3D Rotation about an Arbitrary Axis

3D Rotation about an Arbitrary Axis
Using Rotation Vectors

o Rotation about the z axis
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3D Rotation about an Arbitrary Axis 3D Rotation as Vector Components
3| M= (axis)/Z(angle) 25 H Ch21t 22 2| dAdH o 229 2|HF a =[a, a,a] & SH2E 0T 2T
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x a,
R =1Icos+Symmetric (1-cosé)+Skew sin § y']=[s;v-d:rlc[|: ]}1 cme),rs]m,[[ ]]me+lcme]y]
10 0 a, 23, aa, 0 -a, a, Z %
={0 1 OlcosO+|aa, a aa,|l-cos®)+ a 0 -alfsmg | i 9ﬂ_ﬁ ..........
00 1 aa, aa, a -3, a_ 0 ) : zi’f;\‘ ~ / A\
L X f:_"__ i o
a,+cosf(1-a;)  aa,(l-cosf)-a,sind a,a,(l-cosd)+a,sin 6l rd R(f?)\ w LJR 0 )
. . © ; T X /
=|a,a,(I-cos®)+a,snf  a;j+cosf(l-a;)  aa,(l-cosd)-a,sin b AXE=W | %3 AP R(Z )t
a,a,(l-cosf)-a,snf aa,(l-cosd)+asnd  a; +cosd(l-a;) \ W




3D Rotation as Vector Components (AR, o 7,5,

=CoSsox,
7 D """""""" cosf X,
1 @ - Lsin W

cos 67 + (1 — cos 8)(a - &)a + sin 6(d x F)

3D Rotation as Vector Components

x' a, a, x
¥'|=| Symmetric| | 2, [ (1-co0s8)+Skew|| a, | |sin6+IcosO | y
z' a, a, z

O The vector a specifies the axis of rotation. This axis
vector must be normalized.

o The rotation angle is given by q.

O The basic idea is that any rotation can be decomposed

into weighted contributions from three different
vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in
the direction of the axis.

0 The symmetric matrix is composed of the outer

product of a row vector and an column vector of the
same value.

a, a, a: aa, aa,
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3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector

that is perpendicular to both the axis and it's input
vector.

a, 0 -a, a,
Skew| |a, |[=] a, 0 -a,
a, -a, a, 0

Skew(@)x =axx




3D Rotation as Vector Components

o First, consider a rotation by 0. :
a, a’ aa, ada, 0 -a, a 100 100
L0 [= a.a, c:t}2 aa, (I-D+| a, 0 =—al0+]0 1 Ofl=(0 1 0

Rotatel a,

aa, aa, o -a, a, 0 0 0 1 0 0 1

a, iz z ¥

o For instance, a rotation about the x-axis:

3D Rotation as Vector Components

o For instance, a rotation about the y-axis:
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Quaternion Quaternion (Imaginary Space)

0 AFI4(Quaternion)2t 3K+l T AO|A 3|HS o AFRSE MHZE 242 (complex numbers)2| 2HEHO|LCL.
HEAY I, 42 OO ALESHE wotH 7HE2 2 o 474 S0 StLh= A== (scalar number)O| 1 CHE Al i &
A= IH a4 St (complex space) | E{O|C}. 5|40 B7Hi, j, kOl Y= EA$0lLt,

o J\Ex|§ ‘“|I—|O| _.H._'é‘:loﬂ OIO-IA-' 7|.I}- _Q_J_l-I-IO| l:II-I:Ho||:|.

0 AbEZ (quaternion)= 4702 T ERAE BT, q=XI+YyJ+ Zk +w

q=(x y z w)

i2=j? =k =ijk =1
i = jk = ki
j = ki = —ik
K=ij=—ji




Quaternion (Scalar/Vector) Identity Quaternion
O AtRsE ok AZet g soF Y 2t v 2 HAECH o HO*I' Eﬁf" =te| 2702] &S AtglZ (Identity quaternion)Zt
AA .
_ o =3 &5 AF&l$ (multiplication identity quaternion) —
q=(v.s) SEAT O] BM S5 AtSIs ol ZeRl Ol Abeitg
HSEX| =Lt
v=(x,y,2) _
q=(0,0,0,1)=0i+0j+0k +1
S=W
o A CHR| ARl (addition identity quaternion) —
7| M= AHESHA| =Lt
q=(0,0,0,0)
Unit Quaternion Quaternion as Rotations
Arelg= Akl He|ghs f{5H0 TR ARR S (unit o At BIEO| o[ Mut E™ ot 2A 7 =0 2| H =5
Iength qua’[ermon)2 A2 SHCE (axis a) 2t ZtE= (angle 0)= LIEFH == ULCE,
o Thel AFRI=E (unit length quaternion)& AFRI=2) . .0 0 0 0
55158 Tolct. 0| HE ARt H Bo0IN €15l o2 q=|asin o, aysino, asing, cosy
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Quaternion as Rotations

Quaternion to Rotation Matrix

\q\:\/x2+y2+z2+w2

., 0 ., 0 . .0
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2 2 2 2
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Al AFRTE xe+y2+22+w2=15 2= HE 0|81,
HAHAZ FH =0|H:

1-2y* =27 2xy—2wz 2XZ+ 2wy
2XY 4 2Wz 1-2x*-27° 2yz —2WX

2XZ— 2wy 2yz+2wx  1-2x* =2y’

Quaternion to Axis/Angle

Quaternion Dot Product

scale = \/ X>+y>+2z> or sin(acos(W))
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a scale
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Quaternion Multiplication

o B9l AFRlSE 3X1El ZZH0|M Q| B YarS mHB}|
A C}

M=o, = 702l T2l ARl 2tel &2 &+ 7He| Ehe
e Aglet 2| LiEtU = B9l ARt ElCt

o AtEC &2 =AMt S0 AFRSS| &2
uetHE o] GRIEX| R¥=CE qg' # gq

qq’ = (Xi+yj+zZk +W)x'i+y' j+z'k +w)

= <SV’ +S'V+v'xv,s8' —v- V'>

Quaternion Operations

o Negation of quaternion, -q
B -[vs] =[-Vv-=s] =[-X -y, —Z —-W]
o Addition of two quaternion, p + q
= p+q= [pv,ps] +[qv, gs] = [pv + qv, ps + qs]
o Magnitude of quaternion, |q|
==Xy W
o Conjugate of quaternion, g* (Z2l AF=)
mgqf=[vs]*=[-vs] =[x -y -z, W]
o Multiplicative inverse of quaternion, ' (<) g =q'q =1
= g =qY|q|
o Exponential of quaternion
m exp(v Q) =vsing+ cos q
o Logarithm of quaternion g = [vsinq, cos q]
= log(q) = log(v sin g + cos q) = log(exp(v q)) = v q

Quaternion Interpolation

o AH= 7] 2 Y (key frames)ZHO]| 2| E 7t
(interpolation)2 71 Mo 2 AT 5= ULt
alpha = fraction value in between frame0 and frame1
g1 = Euler2Quaternion(frame0)
g2 = Euler2Quaternion(frame1)
gr = Quaternioninterpolation(q1, g2, alpha)
gr.Quaternion2Euler()
o AMEls= EZF (Quaternion Interpolation)
m Linear Interpolation (LERP)
m Spherical Linear Interpolation (SLERP)
m Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

o7& 2 WACE F JHO| AFAFZHe| M EZE (linear
interpolation) 2410] QULCE,

Lerp(qq, g2, 1) = (1-1) g4 + (1) q;

where 0 <t <1 q,
o MEB7F 340 = 02 B3,
0<t<1

Lerp(qq, 92, t) = g + t(qz - qy)
1




Spherical Linear Interpolation (SLERP)

Spherical Cubic Interpolation (SQUAD)

o +8 M™H 27t (spherical linear interpolation)2
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sin &

re  =acos(q, -q,)

sin ((1-1)8 )q +sin tt9)q2

o 5 TR AR qI, 9.1 AMOIO|| a, a,,0l2t= AHRTE
EO'OHZf T G 22t (spherical cubic
2+0] M o|StCf.

mterpolatlon)._bé ol 2F
Squad(q;, 0., a;, 8y, 1)

- Slerp(SIerp (ql 9q|+l’t) Slerp(a| o |+13t) Zt(l t))

ai :qi *CXp[ 1Og(q|l*ql 1)4+10g(q l*qu)]

-1 1 s
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