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Spaces

O Vector space
= The vector space has scalars and vectors.
m Scalars: o, B, 0
= Vectors: u, v, w
O Affine space
= The affine space has point in addition to the vector space.
= Points: P Q R
O Euclidean space
= In Euclidean space, the concept of distance is added.



Scalars, Points, Vectors

0O 3 basic types needed to describe the geometric objects
and their relations

O Scalars: a, B, 6
O Points: P, Q, R
O Vectors: u, v, w

O Vector space
= scalars & vectors

0o Affine space
= Extension of the vector space that includes a point



Scalars

0o Commutative, associative, and distribution laws are
established for addition and multiplication

moat+pP=p+a

moa-B-y)=(a-p)-vy
o Bry)=(a-p)+ (a7

O Addition identity is O and multiplication identity is 1.
ma+0=0+0a =«
moa-1=1T0o=a

O Inverse of addition and inverse of multiplication
maoa+(-a)=0

mo-a =1



Vectors

0 Vectors have magnitude (or length) and direction.

0 Physical quantities, such as velocity or force, are
vectors.

0O Directed line segments used in computer graphics are
vectors.

0 Vectors do not have a fixed position in space.



Points

O Points have a position in space.

0 Operations with points and vectors:

= Point-point subtraction creates a vector.
= Point-vector addition creates points.



Specifying Vectors

O 2D Vector: (x, y)
0 3D Vector: (x, y, 2)

Ty
N +y A
(11 _31 _4)
Ly oy 0,0, 0) :
/ +X
2D Vector tz
3D Vector

Vector from the origin O(0, 0, 0)
to the point P(1, -3, -4)



Examples of 2D vectors

+Y
A
Vector [3,:0] ]
Vector [2, 1]
P
\./ e T 1 Al / /
vectori[=1,+4] /
Vector:[3, (]
'\ \Vectcr [2. -5]
} Vector {0, -4]
Vector [-2, ‘}\
\ \ l
ector [2,:-3]
( \
Point (2, -5)
v

+X



Vector Operations

zero vector

vector negation
vector/scalar multiply

add & subtract two vectors
vector magnitude (length)
normalized vector

distance formula

vector product

= dot product
m cross product

O O0o00o0oao0oao



The Zero Vector

O The three-dimensional zero vector is
(0, 0, 0).

O The zero vector has zero magnitude.
O The zero vector has no direction.

>




Negating a Vector

O Every vector v has a negative vector -v: v + (-v) = 0
0 Negative vector

-(a4, a,, a3, ..., a,) = (-a4, -a,, -ay, ..., -a,)
0o 2D, 3D, 4D vector negation
- ¥ =(x )

Xy, z)= (X -y -2
Xy, z w)= (X -y, -Z -wW)

(3,5, -1)
2. 2) + (0, 3)

’//( %‘51 1)
(_21 _2) (O/ _3) v




Vector-Scalar Multiplication

O Vector scalar multiplication
a*(xy z)=(ax ay, a2)

O Vector scale division
Va*(x y 2)= e, y/o, z/0)

0o Example:
2*(4,5 6)=(8 10, 12)
Y2 *(4,5,6) = (2, 2.5, 3)
-3*(-5,0,04) = (15, 0, -1.2)
S3u+v=_3u+v

v 2V 0.5v



Vector Addition and Subtraction

O Vector Addition
m Defined as a head-to-tail axiom

X1, Y1 Z9) + (X Yo Z5) = (Xq+Xy, Yq+Yo Z1+2Z5)
u+vs=v-+u

O Vector Subtraction

X1 Y1, Z9) = (X Yo Zo) = (X4-Xo Y1-Yar Z17Z))

u-v=-v-u u_~
u+v Vv /////’
vV+Uu
u
V-U
u-v
\'4
V \/

a+b+c+d



Vector Addition and Subtraction

0 The displacement vector from the point P to the point Q
Is calculated as g — p.

A
ty

/‘ Tg +
v }‘(W?




Vector Magnitude (Length)

0 Vector magnitude (or length):

Examples: |v] = \/vf S S Ve o U

(5.-4.7)| = /5> +(-4)* +7°

= \J25+16+49

=90



Vector Magnitude

ty

ecto

r[3,

| AV

M=

\/ V :\/Vx —I—Vy

+X
_ 2 2
M=+,



Normalized Vectors

0 There is case where you only need
the direction of the vector,
regardless of the vector length.

O The unit vector has a magnitude of
1.

O The unit vector is also called as
normalized vectors or normal.

o “Normalizing” a vector:

.
v, = V#(
&




Distance

O The distance between two

points P and Q is calculated as
follows.

= Vector p
= Vector g
m Displacement vector d =g - p
= Find the length of the vector d.
= distance(P, Q) =[dl=1¢g - pl




Vector Dot Product

0 Dot product between two vectors: u ¢ v

(Ug, Uy, Uz, e, UL)e (Vyq, Vo, Vg, e, V) =
UiVy+ UsVot .o + U 4V, 1+UV,
or n
u-v=2uivl.
i=1
2
- = [l
O Example:

(4,6) (-3, 7) = 4*-3 + 67 = 30
3,-2,7)- (0,4, -1 =30 + -2°4 + 7*-1 = -15



Vector Dot Product

0 The dot product of the two vectors is the cosine of the
angle between two vectors (assuming they are

normalized).
u

u-v= HuHHchosQ

)

u-v

6 = acos(
el ¥

6 = acos(u-v), where u,v are unit vectors



Dot Product as Measurement of Angle

0 The following is the characteristics of the dot product.

d

b, a-b,>0 when 0" <6 <90

-b, a-b, =0 when 6 =90°

b, a-b, <0 when 90" <0 <180



Projecting One Vector onto Another

o Given two vectors, w and v, one vector w can be divided

into parallel and orthogonal to the other vector v.
W = Wpar t Wper

W =aqaVv + U

u must be orthogonal tov, ue«v =0

Wev=(aVv+UevVv=aveV+UsVv=qvey V=0av+uU

wW-V u
o = ——
V-V
w.v : llllll w:l\l} llllll av :V
uUu=—w-—-ov=—-w-———V =W — >
vy

-------------------
--------
3 Yo

____________



Projecting One Vector onto Another

If v is a unit vector, W=ov+ U
then -1 |
u
................... 9 OCV= .V
W =U=W—(W- V)V R
W =@y i cosd
cos & HOWH = || = |w] cos &

1o = el =[pfsin €




Vector Cross Product

0 Cross product: u x v

X1, Y1r Z9) x (X5, Yo Z5) = (Y1Zo - Z4Y2
21Xy = X4y,
X1Y2 = Y1X2)
O Example: N

(11 3/ _4) X (21 _51 8) — ( 3*8 _ (_4)*(_5)1
(-4)*2 — 17*8,
1*(_5)_3*2 ) uxyv
= (4, -16, -11)

T




Vector Cross Product

0 The magnitude of the cross product between two
vectors, |(u x v)|, is the product of the magnitude of

each other and the sine of the ang

e between the two

vectors. tuxv

v = [efsin &

6
0O The area of the parallogram is calculated as bh
A = bh
a ) = b(asin 6)
o = |la|[[e]|sin &

— abu



Vector Cross Product

0O In the left-handed coordinate system, when the vectors
u and v move in a clockwise turn, u x v points in the
direction toward us, and when moving in a counter-
clockwise turn, u x v points in the direction away from us.

O In the right-handed coordinate system, when the vectors
u and v move in a counter-clockwise turn, u x v points in
the direction toward us, and when moving in a clockwise
turn, u x v points in the direction away from us.

xCIockwise turn

a b Counterclockwise tgrnf

Left-handed Coordinates Right-handed Coordinates



Linear Algebra Identities

|dentity Comments

Uu+vs=v+u HIE D et

Uu-v=u+ (-v) H B A

(U+V)+W = u+(v+w) HE Xd 2 EA

a(pu)=(ap)u ~gerHe 24 dgHn

a(u + V) = au + av AZeh-HEH FHiEE

(0 + B)u =au + Bu

o =|a|v] Azatel §

120 HE{ O] 37]&= ¥+ (nonnegative)

] + =+ IO|EF 0 2|9 HEl (Pythagorean theorem)
|+ [v]| = e+ HE Rd a2 -8 E (Triangle rule)
u-v=v-u L& (dot product) n=HH%|

M= Li & (dot product)= O|&%t HIE{S| 37| F2o




|dentity Comments

a(u-v) = (a) v=u-(av) |HEO LN AZE 5 ZEEH

u-(v+w =u-v+u-w I ZE/ZH40 WA ZH B

uxu=0 HE] Xt O] 2| (cross product)2 0

uxv=-(vxu) HE O X2 St SHEZE| (anti-
commutative)

uxv = (-u)x(-v) HEo| X2 Zt HiIE{o| Hof e[A 1} ZL}

a(u x V) = (au) X v =u X (av)| HIE{Q| Q& 1} AZt2} &5 ZetHA

ux (v+#w) = (uxv) + (uxw) |5 BIEQ| Hdlnp CHE HIEQo| 22
SHiE A S 9 E

u-(uxv) =0

Dot product of any vector with cross
product of that vector & another vector is
0




Geometric Objects

O Line

= 2 points
o Plane

= 3 points

0 3D objects
m Defined by a set of triangles
= Simple convex flat polygons
= hollow



Lines

O Line is point-vector addition (or subtraction of two
points).

O Line parametric form: P(a) = Py + av
m P, is arbitrary point, and v is arbitrary vector
= Points are created on a straight line by changing the parameter.

ov=R-Q
P=Q+oav=Q+a(R-Q =0oR + (1 -0a)Q
DP:a1R+a2QWhereOL1+OC2=1

Pl) =Q + av
=Q+aR-Q =aR+(1-a)Q



Lines, Rays, Line Segments

0 The line is infinitely long in both directions.

O A line segment is a piece of line between two
endpoints. 0 <= a <=1

O A ray has one end point and continues infinitely in

one direction. o >= 0 =1
o Line: /
p(a) = p, + ad (parametric) P

y = mx + b (explicit) =0
ax + by = d (implicit) 4 NSy
pen = d o <




Convexity

0 An object is convex if only if for any two points in the
object all points on the line segment between these
points are also in the object.

Not convex

convex



Convex Hull

O Smallest convex object containing P.,P,......P,
0 Formed by “shrink wrapping” points



Affine Sums

o If, in addition, o;>=0, i=1,2, ...n, we have the convex
hull of P,,P,,...P..

o Convex hull {P4,P,,....P.}, you can see that it includes all
the line segments connecting the pairs of points.



Linear/Affine Combination of Vectors

O Linear combination of m vectors
= Vector vy, v,, .. vV,
"W =gV, + ooV, ooV, Where a4, o, .. o, are scalars
O If the sum of the scalar values, a4, a,, .. a,, is 1, it
becomes an affine combination.

.(X1+(12+..+am:1



Convex Combination

o If, in addition, a;>=0, i=1,2, ..,n, we have the convex
hull of P,,P,,....P,.

O Therefore, the linear combination of vectors satisfying
the following condition is a convex.
o + 0o, + .. +o, =1
and
a, > 0fori=12, . m
a; 1s between 0 and 1
o Convexity
= Convex hull



Plane

O A plane can be defined by a point and two vectors or
by three points. R

O Suppose 3 points, P, Q, R

O Line segment PQ
®m S(a) = aP + (1 - 0)Q

o Line segment SR T(a, B)
= T(B) =BpS+ (1-PR
o Plane defined by P, Q R P S(a)

= T(o, B) = BlaP + (1 - )Q + (1 - PR
=P+ B(1-a)Q-P)+(1-B)R-P

m For 0< a, B<1, we get all points in triangle, T(a, B).



Plane

O Plane equation defined by a point P, and two non
parallel vectors, u, v
= T(a, B) = Py + au + Bv
m P-Py=oau + Bv (Pis a point on the plane)

0 Using n (the cross product of u, v), the plane equation
is as follows
m neP-Py =0 (wheren=uxvand nis a normal vector)



Plane

0 The plane is represented by a normal vector n and a
point P, on the plane.
= Plane (n, d) where n (a, b, )
max+by+cz+d=0
mnep+d=0
d = -nep

O For point p on the plane, ne(p - py) =0

O If the plane normal n is a unit vector, then nep + d
gives the shortest signed distance from the plane to
point p: d = -nep



Relationship between Point and Plane

0 Relationship between point p and plane (n, d)
m If nep + d =0, then p is in the plane.
m If nep + d > 0, then p is outside the plane.
m If nep + d < O, then p is inside the plane.




Plane Normalization

0 Plane normalization
= Normalize the plane normal vector

= Since the length of the normal vector affects the constant d,
d is also normalized.

L (n,d)=| 2.2

fni

2




Computing a Normal from 3 Points in
Plane

0 Find the normal from the polygon'’s vertices.

= The polygon’s normal computes two non-collinear edges.
(assuming that no two adjacent edges will be collinear)

= Then, normalize it after the cross product.

void computeNormal(vector P1, vector P2, vector P3) {
vector u, v, n, y(O, 1, 0);
u="P1-P2
v = P3 - P2;
n = cross(u, v);
if (n.length()==0)

return y;

else

return n.normalize();




Computing a Distance from Point to
Plane

0O Find the closest distance to a plane (n, d) in space and
a point Q out of the plane.

= The plane’s normal is n, and Dis the distance between a point
P and a point Q on the plane.

w=0-P=[x,—X,Y,~V,z, —Z] Q (XoYo:Zo)
) ‘now‘ n [a,b,c]

7l l/
_JaCx, —x)+b(y, —y) +e(z, - 2) (x,y.2)
Ja* +b* + ¢

_ax, +by, +cz,+d

Jat + b2 + ¢

Projecting wonto #: W =n-——r>



Closest Point on the Plane

O Find a point P on the plane (n, d) closest to one point
Q In space.
m p = q-— in (kis the shortest signed distance from point Q to

the plane) Q (x
. . 2Q (Xo.Y0:Zo)
= If nis a unit vector, nla,b,c]
k= neq + d 1 a=p+
P =49- (I’]Oq + d)ﬂ |
°P (x4, 2)

ax, +by,+cz, +d
Ja’ +b> + ¢

where q(x,,y,,z,) and Plane ax+by+cz+d =0

Distance(q,plane) =

Distance(q,plane) =n-g+d (n is a unit vector)



Intersection of Ray and Plane

OoRay p(f) = py + tu & plane pen + d =0 po
0 Ray/Plane intersection: n[a,b,c]
(p,+Mu)-n+d=0 1 /
m-n=-d-p,-n Xyz)
,_—(py-n+d)
u-n

o If the ray is parallel to the plane, the denomlnator
u-n=0. Thus, the ray does not intersect the plane.

o If the value of fis not in the range [0, o), the ray does
not intersect the plane.

O
p(—(p0 -n+d)]:p0 .~ -n+a’)u
u-n u-n




Matrix

o Matrix M (r X ¢ matrix)

= Row of horizontally arranged matrix elements
m Column of vertically arranged matrix elements

= Mij is the element in row | and column

. A
myq Mo M3
M= My M T } n2) rows
M3 Y] N33
\ J

a?2) columns



Matrix

2x5
-matrix \
2 -4 7 75 8

m,= -4

Mij is the element in row i and column |

4x3

- matrix
4 0
-5 4
12 3/3
1/2 18

f

my,= 18




Square Matrix

Nondiagonal
elements

Diagonal
elements

O The n x n matrix is called an n-th square matrix. e.g.
2x2, 3x3, 4x4

O Diagonal elements vs. Non-diagonal elements



Identity Matrix

fl 0 0\
I = 0 1 0
0 0 1

O The identity matrix is expressed as |.

o All of the diagonals are 1, the remaining elements are
0 in n x nsquare matrix.

oMI=IM=M



Vectors as Matrices

O The n-dimension vector Is expressed as a 1xn matrix
or an nx1 matrix.
= 1xn matrix is a row vector (also called a row matrix)
= nx1 matrix is a column vector (also called a column matrix)

. A

A = dyi A= [ dii di> dis J




Transpose Matrix

O Transpose of M (rxc matrix) is denoted by M7 and is

converted to cxr matrix.

| M7;J= Mjl
= (MDT =M

m D' = D for any diagonal matrix D.

@)

T

‘

d
m

@)




Transposing Matrix

T
1 4 7 10
2 5 8§ 11 |
3 6 9 12
J
/\T

<
|




Matrix Scalar Multiplication

O Multiplying a matrix M with a scalara = a M

oM

\

-

omy4

olMms4




Two Matrices Addition

0 Matrix C is the addition of A (r x ¢ matrix) and B (r x ¢
matrix), which is a r x ¢ matrix.

0 Each element c; is the sum of the ijth element of A
and the ijt" element of B.

o C; =a; +h; 1+3

/

3 6 E] 7 1) @ 10 7 )
0 0 5|+ |6 4 9| = |16 4 4
47 2 8 9 4 12 2 6

\ J \ J \ J

rxc rxc rxc



Two Matrices Multiplication

0 Matrix C(rxc matrix) is the product of A (rxn matrix)
and B (nxc matrix).

O Each element c; is the vector dot product of the it
row of A and the j" column of B.

n
_ 3+18+48
Cj —Zaikbk,- Ter
k=1

/

O

1 3 6] 3 7 1) 9] 35 52 )
10 O -5 * 6 4 9 = -10 115 -10
4 7 2 8 -9 4 70 38 75
\ J _J J \ J
rxn nxc rx c
[ t must match | |  columns in result 1

rows in result



Multiplying Two Matrices

\

€11 G2 Gz Ciu G5 ( a;;  ap

Cop Cop Co3 Co5 | [a21 azz}

C31 C3p C33 /C3p G35 dz; Az

Ci1 Cgp Cyy Cyq Cy5 dgp Qg
J \

Coy = Ap1Myy + aAzMy,

My,

Myq

my,

My,

my3

My




Matrix Operation

o Ml =1IM =M (I is identity matrix)
O A+ B =B + A: matrix addition commutative law

oA+ B+ C =(A+ B+ C: matrix addition associative
law

0o AB #BA : Not hold matrix product commutative law
o (AB)C = A(BC) : matrix product associative law

o ABCDEF = (((AB)C)D)E)F = A((((BC)D)E)F) = (AB)(CD)(EF)
0 o(AB) = (aA)B = A(aB) : Scalar-matrix product

0 a(BA) = (ap)A

o (VA)B = v (AB)

o (AB)T = BT AT

o M\M,M; ... M_M))T = M.TM__;T... M;TM,TM,T



Matrix Determinant

0 The determinant of a square matrix M is denoted by
IM| or “det M".
0 The determinant of non-square matrix is not defined.

IM| =|my; myp,| =my;my,-my,my
My, My
IM| = my;| [my, [my, = my; (Myy Mgz - My3 Myy)+

My My [Myg m;, (My3 My; - My, My3)+

Mg3g| Mgy |33 m, 5 (My; M3, - My, My;)




Inverse Matrix

O Inverse of M (square matrix) is denoted by M-1.

O M—lzade
M
o (M) =M

o MMT) = MM = |
0 The determinant of a non-singular matrix (i.e, invertible)
IS nonzero.

0 The adjoint of M, denoted “adj M” is the transpose of
the matrix of cofactors.

adiM = |c;; ¢p ¢y

Cr1 Cpp Cp3

\C31 C3p C33J



Cofactor of a Square Matrix
& Computing Determinant using Cofactor

O Cofactor of a square matrix M at a given row and
column is the signed determinant of the corresponding
M/'nor of M.

DC = (- /|M{.//}|
m CaIcuIatlon of n X N determinant using cofactor:

_ I+] {ij}
M Zmu Zmu( 1M
M N — ( 3\
| mip; 1My, m13 mi, | = 1IMyp | My My3  IMpy
My; My IMpz 1My M3, M3z I3y
M3y M3y IMjz Mgy \ My, My; 1My )
{12}
My 1Ny My Ty | -my, (M
(13}
+rn13 M
_ m14 M{14}




Minor of a Matrix

O The submatrix M is known as a minor of M, obtained
by deleting row /and column s from M.

M= |4 (3 1]3 | MZ= |0 -2
1 -1

= O
=
1
Y

-
N
-
-




Determinant, Cofactor,

Inverse Matrix

m m
11 12
M—[ ]
My My,

det M =m, ,m,, —m,,m,,




Determinant, Cofactor, Inverse Matrix

.mll My, My
M=|m, m, my
msy, My, My
det M = mll(mzzmg,g, _m23m32)
- mlz(m21m33 _m23m31)

+m; (m21m32 — m22m31)

( (m22m33 - m23m32) - (m21m33 - m23m31) (m21m32 - m22m31) )
C= _(m12m33 - m13m32) (m11m33 —m13m31) - (m11m32 —m21m31)
\ (m12m23 - m22m13) - (ml 1My3 — m13m21) (ml 1My, — mlszI) )
( (m22m33 - m23m32) - (m12m33 - m13m32) (m12m23 —m22m13) )
adjM = _(m21m33 - m23m31) (m11m33 —m13m31) - (m11m23 —m13m21)
\ (m21m32 - m22m31) - (m11m32 —m21m31) (mllmzz _m12m21) )
_adaM

M—l

det M



Multiplying a Vector and a Matrix

(x y z](pe Py P,
9 9y 9.

X Z
N y J

<><px tyq,tzr,  xp,+yq,tzr, xp, +yqz+zrz>

Xp + yq + zr

O A coordinate space transformation can be expressed
using a vector-matrix product.

uM = v // matrix M converts vector u to vector v



Multiplying a Vector and a Matrix

0 Vector-matrix multiplication in Unity (Column-Major
Order)

v =M *u// matrix M converts vector u to vector v
v = M*u

N r \ |
[ xmy; +y mp,+tzmy, mp; My, Myl x

XMy +y Myy+ZMy; My; My, Myl y

X M3 TY M3y +Z My, M3 Mgy Mgy 7

\ J \



Mathf Class

O Mathf

m Unity's Mathf class provides a collection of common math
functions, including trigonometric, logarithmic, etc.

= Trigonometric (work in radians)
Sin, Cos, Tan, Asin, Acos, Atan, Atan?2
= Powers and Square Roots

Pow, Sgrt, Exp, ClosestPowerOfTwo, NextPowerOfTwo,
IsPowerOfTwo

= Interpolation

Lerp, LerpAngle, LerpUnclamped, InverseLerp, MoveTowards,
MoveTowardsAngle, SmoothDamp, SmoothDampAngle,
SmoothStep

= Limiting and repeating values

Max, Min, Repeat, PingPong, Clamp, Clamp01, Cell, Floor
= Logarithmic

Log



Vector3 Struct

O Vector3
= Representation of 3D vectors and points.

= This structure is used throughout Unity to pass 3D positions
and directions around. It also contains functions for doing
common vector operations.

m The Quaternion and the Matrix4x4 classes are useful for
rotating or transforming vectors and points.

C# struct is the value type (allocated on the stack)



Matrix4x4 Struct

O Matrix4x4

m A standard 4x4 transformation matrix. Matrix4x4 is struct

= A transformation matrix can perform arbitrary linear 3D
transformations (i.e. translation, rotation, scale, shear etc.) and
perspective transformations using homogenous coordinates.

m You rarely use matrices in scripts, most often using Vector3,
Quaternions, and functionality of Transform class is more
straightforward.

= In Unity, Matrix4x4 is used by several Transform, Camera,
Material and GL functions.

= Matrices in unity are column major.

C# struct is the value type (allocated on the stack)



Plane Struct

O Plane
= Representation of a plane in 3D space.

m A plane can also be defined by the three corner points of a
triangle that lies within the plane. In this case, the normal
vector points toward you if the corner points go around
clockwise as you look at the triangle face-on.

B

C# struct is the value type (allocated on the stack)



Quaternion Struct

O Quaternion
= Quaternions are used to represent rotations.

» The Quaternion functions that you use 99% of the time are:
Quaternion.LookRotation
Quaternion.Angle
Quaternion.Euler
Quaternion.Slerp
Quaternion.FromToRotation
Quaternion.identity

C# struct is the value type (allocated on the stack)



