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Representing Orientations

Euler Angles
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Euler Angles Euler Angles to Matrix Conversion
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Euler Angle Order
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Vehicle Orientation Using Euler Angles

0 2ol : Bx ]ﬂ“‘ﬂe Eolthy = &89 49, Euler
angles 2| o] 7} Fhebshal 2 7 Q1 v of o},

ty

front of vehicle

+X
-Z
Rotations not uniquely defined with Euler
Angles Gimbal Lock
o Zeju A= kA Q] AR oA = o] g Y ele] 3 0 298] PZE A= Al 2= ¥1E gimbal lock 41 &
7t ghol A= FH A oA k= Aot HE
O Cartesian coordinates> A = €47 3] 53] 4 ot} ¢} 2] 9] o “Gimbal Lock'& e HOL% Aol 5 213 %ol

N

‘]%Xz‘ﬁ AT +yH AAE + 25 AR E
2 2] Euler angles<- = | 4] o] %] @3}, 9] €] ¢
o dgE ryS P E 2= AP
,(z, x, y) = (90, 45, 45) = (45, 0, -45)

WS AAdE 93 51‘4 3]s el oF &=
2o o4 edar, #A 9 ‘—E.Xq Wl M v
oz a oz 31 s Ak kA7
A] o vl &}t

AV

2.0y ||

O

O
Mok 00 2 o {0 o

Flr o2t W, o, i oo

M %

70
AA= e 2. - osmg a degree of freedom
under certain rotations

= % el gz S AEA S ek A0 7o Sl
EAEE 5719 8 45 % shiboh AbebA AT B Aol .

o LR x4 Fol olu] UL ] ol O T F e
ol 5| 9L, x% 250l = 2L 58 ) she)7) A Wk,




Problem with Interpolating Euler Angles Rotation Vectors and Axis/Angle
O oole] WIS AL LS w2l o] 37 gro] A= 0 19 355 (axis)oll ol 2 ahite] S 7 (angle)
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Axis/Angle to Matrix 3D Rotation as Vector Components
o 3] A5 (axis)/ ZH(angle) = - tha-3 22 3] d 44 O Rotate a point by 8 about an arbitrary axis, a =[a,, a, a,]
(rotation matrix)S ¥H=T}.
x' a, a, X
2 ¥ |=| Symmetric|| 2, [ (1—cos0)+Skew| | a, | [sn0+Icosd | y
10 0 & aa aa, 0 -a a g . . s
R=|0 1 Olcosd+aa & aa [l-cosd)+ a, 0 —a [sind - E 5
R % a0 ’ AT
. TLAL ) / \
a’ +cos(1l-a’) aa (1-cosd)—a,sind  aa,(1—cost)+a,sind P ¥ r‘ﬁ}h‘ j\_\_. N |
: H =Y w \ s /
=| aa,(1-cost) +a,sind & +cosi(l-a)) a,a,(1-cosd)—a,sind : o H(Z) E\ 7 \ /
aa,(l-cost)—a,sind  aa,(l-cost)+a,sind a; +coso(l-a;) FrE=w \ | R(Z,)" ?
.............. \J J




3D Rotation as Vector Components

e
: ax (&)
- (EXE")—(&XJ"'”)
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R(Z|) = cos6T | + sin

| R(E))i+.C0S0F)_+Sin 0w
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3D Rotation as Vector Components

x a, a, x
¥'|=| Symmetric| | 2, [ (1-co0s8)+Skew|| a, | |sin6+IcosO | y
z' a, a, z

O The vector a specifies the axis of rotation. This axis
vector must be normalized.

O The rotation angle is given by 6.

O The basic idea is that any rotation can be decomposed into
weighted contributions from three different vectors.

3D Rotation as Vector Components

O The symmetric matrix of a vector generates a vector in the
direction of the axis.

O The symmetric matrix is composed of the outer product

of a row vector and an column vector of the same value.
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3D Rotation as Vector Components

O Skew symmetric matrix of a vector generates a vector that is
perpendicular to both the axis and it's input vector.

a, 0 -a, a,
Skew| |a, |[=] a, 0 -a,
a, -a, a 0

Skew(@)x =axx




Axis/Angle Representation

Matrix Representation
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Matrix Representation

Quaternions
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Quaternions (Imaginary Space)

O AHd & AA|E 5249 (complex numbers) o] €H7o]
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Quaternions (Scalar/Vector)
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Identity Quaternions

o H—‘}Eig]r 2] 270 9] &5 AF S (Identity quaternion) 7}

o wA ﬂ—o— AR (multiplication identity quaternion) -
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Unit Quaternions

oAb AAke] A ehs ko] @] Al (unit length
quaternion)< A& gt}

0 &9 AR (unit length quaternion) & AH =9 EL7 17}¢
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Quaternions as Rotations

Quaternions as Rotations

o AbeEs W o] 313 HA S AA 7 =l 3=
(axis a) 2} 7 I %= (angle 0)= UrE} T Atk

.6 .0 .0 0
a=|asin_, asinc, asinc, coso

or

0 5)7% a7} 991 do] & 2T, AL S g AT
w9ldol g pitl.

\q\:\/x2+y2+zz+w2
., 0 ., 0 ., 0 0
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L0, , 0 \/ , 0 , 0
sin —\a\ +c0s? = =_[sin? = +cos? =
2 2 2 2

- \/sinz g(af +a, +af)+ coszg

Ji=1

Quaternion to Matrix

Quaternion to Axis/Angle

0 AEH 0w QoW AP E AA) T2 1364 5 0)
AgE7) SIaA e gt g B Wk

X2 —y? -7 + W 2Xy — 2wz 2XZ + 2wy
2XY + 2wz —x2+y’—z? +w? 2yz — 2WX
2XZ — 2wy 2YZ + 2WX —XP—y+ P+ W

O &9 AR TE )y z24w?=15 2 S ]85,

S|APL S Fr] FoldH

1-2y*—27° 2Xy — 2WZ 2XZ + 2wy
2Xy+2wz  1-2x*-27° 2z — 2WX
2XZ — 2wy 2yz+2wx  1-2x* -2y’
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o AHE 32k
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bl A o] Q) e] 3] % a (ax, ay, az) ¥
%QE H 3k

o

scale = \/xz +y*+2® or sin(acos(w))

_X
ax Acale

_Yy
Y= scale
_Z
az = scale
6 = 2acos(w)




Matrix to Quaternion

o ALl A AFAF R WS o} o} 2L A g
AL gk,

My +m,, +mg; +1
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Quaternion Dot Product

o 7 7S Abd S 2He] A (dot product) 7 7H S| HE
ke WAt e g o 2 Al aksti Ak

PO =X, X, +Y,Yq + 2,2, + W, W, =|p|lalcos ¢

Quaternion Multiplication

o 9] AP 32k F bl A 9] & ek B S
Wi, F AN O] kgl AL 7he] FE Ao e
51 A% 84S el we Ahel7) A,

O AL F QST AR B
WA o] 454 ethqq + qq
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Basic Quaternion Mathematics

O Negation of quaternion, -q
B -[vs]=[-v-s] =[x, -y, -z, -W]
O Addition of two quaternion, p + q
= p+q= [pv, psl+[qv, gs] = [pv + qv, ps + gs]
O Magnitude of quaternion, |q|
=y W
o Conjugate of quaternion, q* (2 @l AL )
mq*=[vs]*=[-vs] =[x, -y, -z, W]
O Multiplicative inverse of quaternion, g (% <7)
= q'=q7/lq|
"qq'=q'q=1




Basic Quaternion Mathematics

O Exponential of quaternion
m exp(v0)=vsin6+cos 0
O Logarithm of quaternion

= log(q) = log(v sin 6 + cos 8) = log(exp(v 6)) =v 0
where q = [vsin 0, cos 6]

Quaternion Interpolation

oAb 7] ZE Y (key frames)iholl 3] B1E
(mterpolation)% 7V adqo s 1l g ok
alpha = fraction value in between frame0 and framel
ql = Euler2Quaternion(frame0)
q2 = Euler2Quaternion(framel)
qr = QuaternionInterpolation(ql, q2, alpha)
qr.Quaternion2Euler()

o A< E.XF (Quaternion Interpolation)
m Linear Interpolation (LERP)
m Spherical Linear Interpolation (SLERP)
m Spherical Cubic Interpolation (SQUAD)

Linear Interpolation (LERP)

0 7Hg #1& BA o2 5 7)o AbdEghe] A B (linear
interpolation) ®2] ©] $lt}.

Lerp(p, q, t) = (1-t)p + (t)q
where0 =<t <1

Lerp(p, q, t)=p *+ t(q - p)

Why SLERP?

0 1% Lerp ¥ Slerp= AH& 312 W &] X}o] & Kol F
u The interpolation covers the angle v in three steps

m [Lerp] The secant across is split in four equal pieces The
corresponding angles are shown

m [Slerp] The angle is split in four equal angles




Spherical Linear Interpolation

Spherical Linear Interpolation

o 7% A3 B3 (spherical linear interpolation)-< #
q.7F 714_01 = AR A Z 3| A q7F FATFAL S
3] gk 71 Afo] kS H ke W o]t

J

sing(1-t) sma
s " sing

a) =

6=cos™(q, *q,)

O 7 99 AM S 2] 1 A3 H.7E (spherical linear
interpolation)- o} 2ff ¢ Zo] A o] gk

S

where 6 = acos(p-q)

o W p, q7F 905k o] EoA AT, &L FRE
de
I
k
Spherical Linear Interpolation Why SQUAD?

0 3349 B3kl A 2] 7} 3 7el ojal A5 F1kel A 27)9
F2 e 7L EA g,

o Slerp(p, q, t) & Slerp(-p, q, t) #tel+= FHAL7}?
= =T oty oA 90w Al FA o] = Aol o
afub= 905 Bt AA| FF o= Aotk g2 AR 3%
AR 71 A2 =2 3 A= A s}
n Fe AR2E A9k Blo] F7] Wit F M E <] dot product”t
Feld FHEH T v E SR vk Evh

0 Slerp (P @ B F W Abol 2 Wil o 0%
Lh9] glo] & 3ol
= 7N ool B, gy qy 9y 9y 9,01 AL Bl gy g TE q
oh= A o= q, 7HA BRbslaiat s slerp $HrE 1 Aol
S Eohd dk 1 o] A shd W Bt Foll 1A A
wako] vl 4= 1T} (at the control points).
o wepA O] F2 B 0w AE 9 (spline)S A& Sk R €]
At ol & T i 27 ]' (spherical cubic interpolation)©] F/}

n= —~Spline Interpolation

:__...--""'i_inear Interpolation




Spherical Cubic Interpolation (SQUAD)

o S I g g 0l 8, 00121 AL
=gt - dRF Bk (spherlcal cubic interpolation)<
oo} 2ol 4 ol 7.

D3DXQUATERNION

o ARl A

Typedef struct DSDXQUATERNION {

Squad (qiiqi+l’ai’ai+l’t) Eigﬁi ;i
FLOAT z;
= slerp(slerp(q;, g.,, 1), slerp(a;, a;,,, 1), 2t(1-1)) FLOAT v
- - D3DXQUATERNION;
a-q *exp( log(a;* *q,.,) +log(g; 1*%)] HPPXQ
L 4 q.x = sin(theta/2) * axis.x
3 N 1% q.y = sin(theta/2) * axis.y
a a= qi+1*exp[ Iog(qi+1 q|) + Iog(QHl qi+2)J qz= sin(theta/Z) * axis.z
4 q.w = cos(theta/2)
O a5 27| sl A9l A4 %3 (tangent orientation)
< A sk AFE R
D3DXQUATERNION D3DXQUATERNION
o DX9 sk +& o // yaw/pitch/roll -> quaternion
/] q* D3DXQUATERNION * D3DXQuaternionRotationYawPitchRoll

D3DXQUATERNION * D3DXQuaternionConjugate
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ);

// 1%
D3DXQUATERNION *D3DXQuaternionMultiply
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2);
AR

FLOAT D3DXQuaternionDot
(CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2);

(D3DXQUATERNION *pOut,
FLOAT Yaw,
FLOAT Pitch,
FLOAT Roll);

// rotation matrix -> quaternion

D3DXQUATERNION * D3DXQuaternionRotationMatrix
(D3DXQUATERNION * pOut,
CONST D3DXMATRIX *pM);




D3DXQUATERNION

D3DXQUATERNION

O // quaternion -> axis/angle
void D3DXQuaternionToAxisAngle
(CONST D3DXQUATERNION *pOut,
D3DXVECTORS3 *pAxis,
FLOAT *pAngle);

// quaternion -> rotation matrix
D3DXMATRIX *D3DXMatrixRotationQuaternion
(D3SDXMATRIX *pOut,
CONST D3DXQUATERNION *pQ);

o // slerp(qy, gy t)
D3DXQUATERNION *D3DXQuaternionSlerp
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2,
FLOAT t);




