Representing Orientations
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o Orientation
o Euler Angles
o Rotation Matrix
o Quaternion

LHS Coordinate Systems

RHS Coordinate Systems

o Left Hand Coordinate System (LHS) — z+7} 2™

oo S0{7Hs WE

O Clockwise 2tgFO 2 rotationS

O X-=9 2 rotationS S}H,
Y->Z "t3ko| 3| 0| positive

O Y-=9 & rotationg StH,
Z->X H5Fo| 3| ™M 0| positive

o Z-=9 2 rotationS S}H,
X->Y H5ko| 5| M 0| positive

o Right Hand Coordinate System (RHS) - z+7} ™

%O FofLtoL W

o Counter clockwise Bt3FO 2 rotationsS €.

O X-=9O £ rotation& S}H,
Y->Z "t3ko| 3| M 0| positive

o Y-=9 2 rotationS S}H,
Z->X 8t5Fo| 3| ™ O| positive

o Z-=9 2 rotationg S}H,
X->Y H5Fo| 3| M 0| positive
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Representing Orientations

Euler Angles

0 3K 2|H BHSHE WA2 O 7HX| 7t EXHBHC) o Euler Angles
O Euler angles (2 212} B A)- ZHE ZHCHSH Hhe = 3%Q Rm FEA Q| FHESQ X y, 2X0H}F F0f| Tf3H S| F2S
O Rotation vectors (axis/angle 243 2hAl) XGst =M 2 SeiM ALR SR Qojo| Weke LIEHH 4= QICt.
T SHEd HFA w 2Kt BHOM SX o W X|YsFeH™ CHX| StLtol Zt e
o Rotation matrices (S|HEZ 4) 2013 B2 BRI 34he ZAHOIAE H 48 3749 2T ol
O Quaternions (A2l BHAD o Q )L}
o 1 2o CH4 = xy, 250 T8} q, q, q, ZEZ FHSHCL,
O Axis order= S Q53X &S
= 22Uy H=2 EF sal’“: I 2 StUHE k= A ot 2t
3R & P01|A1 BEE of diatg LEH == 91% Zgo|e2tH ot
EECES
m (Y, X2, XY 2 (ZxYy), .. 127tX| 25 At 7+s5S|Ct
XYZ XZY XYX XZX
YXZ YZX YXY YZY
ZXY ZYX IXZ YAV
Euler Angles Euler Angles to Matrix Conversion
o Yaw, Pitch, RollZ &3 02U WIZEH FMHAHE OH=7| Qo L™ s
o DirectX/OpenGLOj| A= Yaw (rotation about Y), Pitch (X), =AUz 2Tl E S S0t
Roll () 2| =S AtEotrt.
1 0 O0jjc, O =s,f|c, s O
R,'R,"R, = ¢, S0 1 0 ||-s, c
0 -s. ¢J|s, 0 ¢ 0 0 1
c,C, C,S, -,
=|5,5,C,—CS, 8,5, +CC, SC,
C,S,C,+5,8, C,5,8,—S,C, CC,




1= S80 et ChE = UL
O 3XH@ A2iHA0l B2 (x vy 2) 2TxES WOl ArETHLt.
o 2|2 ZM A= (z x, 2) 2ATZS Ol AHESHEL

Vehicle Orientation Using Euler Angles

o YErE o 2 XtSKte| B2, roll (2), pitch (x), yaw (y)

£ SOt = 82| B2, Euler
C 3|

Ty
front of vehicle

+X

Rotations not uniquely defined with
Euler Angles

o Jd2Lh 2Me =&l AX|oM = M o3t olo| 3
Zte 20| M2 = EMO|X| Ct= Aol

o Cartesian coordinates2 A2 285 =S 2XEO0|CH @ 9o|9f
K= xF HXEE + yHF /IKEE + z5 YK G2

o ?|X|2t= 2| Euler angles2 =& XO|X| 4Lt Q2|9
2= xS BT = SHYT * 2% B HY T

o0& =9, (z x y) = (90, 45, 45) = (45, O, -45)

AP M 3 Fo| 3|2 =gl of st=C

A L, wxfe| E7 W0 Ch2
mf 2t 2|™ Z2+2 oS
O }C}.
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B E|=X] 0
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Gimbal Lock

0 QYU WIS ALRSH= A|AEIES gimbal lock 2H £
Zt=rt
- .

O '‘Gimbal Lock'2 Z& disko 2 K9] &= 3|™ =0
4Xle= 3,_4&% De*ﬂl:f. — losing a degree of freedom
under certain rotations
= O S0, xyz 2[T=ME A

ZHEE 37l SHE 5

LFSHH xd=0| o|d] E7}

S| K| &1, xot zZ0| A

SR H

(x=30, y=g0, z=0)




Problem with Interpolating Euler Angles
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Halfway between Halfway between
(0,0,0) and (0,180,0) (0,0, 0) and (180,0, 180)

D3DXMatrixRotationYawPitchRoll

o // Yaw/Pitch/Roll -> Rotation Matrix
D3DXMATRIX * D3DXMatrixRotationYawPitchRoll
(D3DXMATRIX *pOut,
FLOAT Yaw, // by y-axis (in radians)
FLOAT Pitch, // by x-axis (in radians)
FLOAT Roll);  // by z-axis (in radians)

pitch

roll

D3DXMatrixRotationX/Y/Z/YawPitchRoll

o D3DXMatrixRotationYawPitchRoll 1t
D3DXMatrixRotationX/Y/Z2| X}0|& &, YawPitchRollO|
a5t xy,z 2| F 2| 50| OfL|2}f, Local Coordinate
SystemOf| A 2|F 0| =X ElCt= FO|LCt.

D3DXMATRIX R1, R2, Rx, Ry;
D3DXMatrixRotationX(&Rx, D3DXToRadian(45.0));
D3DXMatrixRotationY(&Ry, D3DXToRadian(45.0));
R1 = Ry * Rx;

D3DXMatrixRotationYawPitchRoll(&R2, D3DXToRadian(45.0),
D3DXToRadian(45.0),
0.0);

R1 I= R2

D3DXMatrixRotationX/Y/Z/YawPitchRoll




Quaternions
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Z=(Quaternion)2t 3k Jf= AN 2™
s If, & CHAIOf AFESHE =5HA 7H|_=|2§

2= H

(m|
>
>

|= (™o #20f| UM 74E 2 apA Q1 S O|Ct.
4= (quaternion)= 474°] T HQAE HSGHCS.
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q=(X y z w)

Quaternions (Imaginary Space)

SN 4X}°J Has 27} (complex space) I £ O| C.

ARl AR 2 244 (complex numbers)2| 2%f0|LC},
47 BOf| StLt= A4 (scalar number)O|11 CHFE M| 7=
01-"“-9| aHi ) ko /e =40]LCt.

g=Xi+Yyj+zk+w

i2 = 2 =k? =ijk = -1

i = jk = —kj
j = ki = —ik
K =ij = ji

Quaternions (Scalar/Vector)

O AbR

F|F

ot AZeh g sof HE gt v 2 B EICL

n < O
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| — | T~
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Identity Quaternions

o HEQtE T2 2709 &5 AFR4 (Identity quaternion)Zt
UL
o 54 g5 AtRl$ (multiplication identity quaternion) —
e O] S &S A2t SOl OfH AR
HSHX| G =CF
q=(0,0,01)=0i+0j+0k+1
o SM CHR| AFRlZ= (addition identity quaternion) —
7| M= AHESHA| =L
q=(0,0,0,0)




Unit Quaternions

Quaternions as Rotations

O At gatol He|ets 25t Thel AR S (unit
length quaternion)2 AFE3lCt

o ThR[ AFRIZ= (unit length quaternion)= AtRI=2|
7|7 10]C} O| A2 4K+ SH0f| A EHe Z0|E
7tX|&= 7 (hypersphere)Q| surface (&, 4X&

i L

SO M e 3kt 2I))E ¥-dot=s HEE O|ECt

\q\:\/x2+y2+zz+w2 =1

O AL =9 3} (normalization)2 Ot 0| +

q

q= Y

\Q\ \/x2+y2+22+W2

O Al HEHO| 2| ™M LESH A 7L A0 2|8 =
(axis @) 2 Zt= (angle )= L}ELH 4~ QIC},

N e

|
| |

.0 .0 :
q=|a,sin—, a,sin—, a,sin—, Ccos
2 2 2

or

Quaternions as Rotations

Quaternion to Matrix

\q\:\/x2+y2+zz+w2

=\/afsinzg+a§sin2g+a§sinzg+coszg
2 2 2 2

= \/sinzg(af +al+al)+ coszg

\/.29 2 , 0 \/.29 , 0
= _[sin —|a| +c0s2 = =_[sin? =+cos? =
2 2 2 2

Ji=1

o ZEHe=z O AR+ X Z2HM 2|0
ALESH| fl5ilM= CiEat 22 dEE ek
X*—y? 7% + W 2Xy — 2Wz 2XZ + 2wy
2XY + 2Wz Xy -zt +w 2yzZ — 2WX
2XZ — 2wy 2YZ + 2WX — X —yi 4zt +w
O BHe| AP 7L P +y2+z2+w?=15 A= HE 0| 8510,
IFMAE S &M =O0|H:

1-2y*—2z>  2xy—-2wz  2Xz+2wy
2Xy+2wz  1-2x*-2z*  2yz-—2wx
2Xz—2wy  2yz+2wx 1-2x*-2y




Quaternion to Axis/Angle

Matrix to Quaternion

o AtRE 3K SZH0IM 2 Yo 2| FH = a (ax, ay, az)1t
2t .

or sin(acos(w))

]
(@]
D
D
|
<__
>
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N

0 SN AL WSiSE T ofgfet 22 A2
AL 3HCL

_ \/mﬂ +m, +m, +1

=

2
ax =X My, —M m,, —m m,, —m
Scale X = 23 32 y — 31 13 7 = 12 21
y 4w 4w 4w
Y= scale 0 BHOF w=00| B L4 | AO| OF EICk math BA x, v,
5 z, wgo| 71y 2 =XAtE &=t d2a OAS
8z =Y e 0| 5t0 #ZOIA ARl ALtBiCt
6 = 2acos(w)
Quaternion Dot Product Quaternion Multiplication
O 5 702 ARl ZF9| LiA (dot product)2 & 72| HiE O B AFRl= 3R SO M Q| oF WSS H ST
o] WXL 22 WAooz ALSHH EIC} W20, F 702l B9l Atels 2hef &2 & 42| e
IS Bt 2l E LEI= Bl AbRs=71 ECt
P A=X,X, +Y,¥q +2,2, +W,W, =[p|q[cosg 0 AFRISO| B2 SNt SRt AbRIS0l B2
wetHA 0| JEE X &=Lt qq # d'q

qq' = (Xi+yj+zk +w)x'i+y' j+z'k+w)
=(SV'+SV+V'xV,s8' V- V)




Basic Quaternion Mathematics

Basic Quaternion Mathematics

o Negation of quaternion, -q
B -[vs] =[-v=s] = [-X -y, -z W]
o Addition of two quaternion, p + q
= p+q= [pv,ps] +I[qv,qs] = [pv + qV, ps + Qqs]
o Magnitude of quaternion, |q|
= = ryi e ew?
o Conjugate of quaternion, g* (Z{| A& =)
B qQf=[vs]* =[vs] =[x -y -z, W]
o Multiplicative inverse of quaternion, gt (%)
= gt =gl
“qgql=qlq=1

o Exponential of quaternion
m exp(v 0) =vsin 6+cos O
O Logarithm of quaternion
® log(q) = log(v sin & + cos 0) = log(exp(v 0)) = v 6
where g = [v sin 6, cos 0]

Quaternion Interpolation

Linear Interpolation (LERP)

0 At 7| Z2 Y (key frames)7H0]| = H 7t

(interpolation)2 7% MO E BT 4= QUCt

alpha = fraction value in between frame0 and framel
gl = Euler2Quaternion(frame0)

g2 = Euler2Quaternion(framel)

gr = QuaternionInterpolation(ql, g2, alpha)
gr.Quaternion2Euler()

o AF$ EZF (Quaternion Interpolation)
m Linear Interpolation (LERP)
= Spherical Linear Interpolation (SLERP)
m Spherical Cubic Interpolation (SQUAD)

o 7t 2|2 LA 2 F )| AR 7te] MK (linear
interpolation) HfAl0| QIC}.

Lerp(p, g, 1) = (1-t)p + (t)q

where0 <t <1 q
o MEEZE Bl = C12 B3
0<t<1

Lerp(p. g, 1) = p + t(q - p)




Why SLERP? Spherical Linear Interpolation
O Aol S7t2 FHE | A S U=0|, 0| S Y o 7™ ME E 7t (spherical linear interpolation)2 HlE
2oop =A S= @AIL S0 5 A8 2202] 0,7t Z0|2 {X|3F A2 2| MslAf q,7t E[QUCtD e
58¢ 72 F20M B X|L7A| ETH 0] 2| M 3|&3t 1 ALO| ZtS E7HsH= HHEHO|C}
FE MY B7e ANT SEE SXBHCL - (=T
l:I(t)=sin,9(1—t) +siniﬂq J
sing " sing -
0 382 Lerp 1f Slerp2 AFEXE 2] X}0[E HOJELY.
= The interpolation covers the angle v in three steps )
m [Lerp] The secant across is split in four equal pieces The |
corresponding angles are shown
m [Slerp] The angle is split in four equal angles
k
Spherical Linear Interpolation Spherical Linear Interpolation
O & B AbRls 2hO| FH MY H 2t (spherical linear O 3Xp2 SO 2 2t 2| Fof| CHSH Atela= SZHOIA
interpolation)2 Of2i2t Z0[ 9| SHEL. 2740 Z& HE 7} ExfBict.
: . o Slerp(p, q, t) 12t Slerp(-p, q, t) X}0|= FAL7}?
sin((1-t)& sin(té L o =
Slerp(p,q,t) = (( ) )p+ ( ) = = & SftLts FRHOIM 0= 2L XA 50|= A0|4, CHE

sing sing
where 8 = acos(p-q)

0 9% p, g7t 905 O|Af HWOIM QUCHY, B2 HRS
Mefetrt,

| 1

L= 90& ®Ct A7 2% 0| Holch e 22 §|Hels
3 7 A2 2 3Bt Ao St
o A2 MEists 240| £7| 20| £ HE 9| dot
product7t 8408 & HE| & 3ILIZ 242 HHYELL

ot 1y

[
3




Why SQUAD?

o Slerp (B M H7HS = w3t Af0|Z RIS

HE L9l 8o &2 ¢
7f Ol&tof Hhet, 9o 91 92/ Q3s - qn0| A0 qolﬂd—E'l dv g 2H o

= Ao q, MK B DX} 8} slerp BHEE 1 Aho}

S| 51 gtk H7F =0 AERAR A

h

e control points).
= D2t O £2 m7H g oz AZ310l (spline)2 AFR3Hs
ol
=]

Spherical Cubic Interpolation (SQUAD)

o F EHel AMRZ= g, gi.q AFOIO] &, &1 0|2t= ARFE
EQISICH M Qldf E7F (spherical cubic
interpolation)2 O}z QF 20| O|stCt.

a:

Squad (ql ' q|+1 i i+1’t)
= slerp(slerp(q;. .. 1), slerp(a ., 1).2t(1-1))

2ol ALt O —_r“:E 4 27t (spherical cubic * —log(q;" *q,,) +log(q;* *q,.,)
interpolation)0|2} 2 2C}, g—Spline Interpolation 8 =(; "exp 4
) -1 % -1 %
=qi+1*exp(_|09(qi+1 g;) +log(g;; Qi+2)]
4
O a %_% __‘.7_<_7| Bisk=0| M Q| HM Hlak (tangent orientation)
l //Linear Interpolation 2 BHAISI=H AHEEIC
D3DXQUATERNION D3DXQUATERNION
O AP XA o DX9 &tz 13
/1 9*

Typedef struct D3DXQUATERNION {
FLOAT x;
FLOAT y;
FLOAT z
FLOAT w;
} D3DXQUATERNION;

g.x = sin(theta/2) * axis.x
g.y = sin(theta/2) * axis.y
g.z = sin(theta/2) * axis.z
g.w = cos(theta/2)

D3DXQUATERNION * D3DXQuaternionConjugate
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ);

// 919
D3DXQUATERNION *D3DXQuaternionMultiply
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2);

// a1 qz
FLOAT D3DXQuaternionDot
(CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2);




D3DXQUATERNION

o // yaw/pitch/roll -> quaternion
D3DXQUATERNION * D3DXQuaternionRotationYawPitchRoll
(D3DXQUATERNION *pOut,
FLOAT Yaw,
FLOAT Pitch,
FLOAT Roll);

// rotation matrix -> quaternion

D3DXQUATERNION * D3DXQuaternionRotationMatrix
(D3DXQUATERNION * pQOut,
CONST D3DXMATRIX *pM);

D3DXQUATERNION

o // quaternion -> axis/angle
void D3DXQuaternionToAxisAngle
(CONST D3DXQUATERNION *pQ,
D3DXVECTOR3 *pAxis,
FLOAT *pAngle);

// quaternion -> rotation matrix

D3DXMATRIX *D3DXMatrixRotationQuaternion
(D3DXMATRIX *pOut,
CONST D3DXQUATERNION *pQ);

o // rotate a quaternion about an arbitrary axis

void D3DXQuaternionRotationAxis
(CONST D3DXQUATERNION *pQOut,
CONST D3DXVECTOR3 *pAxis,
FLOAT angle);

D3DXQUATERNION

o // slerp(qy, gy t)
D3DXQUATERNION *D3DXQuaternionSlerp
(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ1,

CONST D3DXQUATERNION *pQ2,
FLOAT 1);

D3DXQUATERNION

o // squad(gy, A B, C, t) = slerp(slerp(q;, C, t),slerp(A,B,t),2t(1-1))

D3DXQUATERNION *D3DXQuaternionSquad

(D3DXQUATERNION *pOut,
CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pA,
CONST D3DXQUATERNION *pB,
CONST D3DXQUATERNION *pC,
FLOAT t);

D3DXQUATERNION *D3DXQuaternionSquadSetup
(D3DXQUATERNION *pAOut, D3DXQUATERNION *pBOut,
D3DXQUATERNION *pCOut,

CONST D3DXQUATERNION *pQO,
CONST D3DXQUATERNION *pQ1,
CONST D3DXQUATERNION *pQ2,
CONST D3DXQUATERNION *pQ3);




