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o oA AY: RFsKH AL HE, etc.

m Simulates how cars drive, collide, rebound, flip, etc..
oAEX A

m Simulates trajectory of soccer, basket balls.
o First Person Shooters 4| : UnReal

m Used to simulate bridges falling and breaking apart when
blown up.

m Dead bodies as they are dragged by a limb.

o 1 510
= Flowing flags / cloth.

o HA[ZH SE[= 01 AAE0| BE. JLt |2 HE
CPUE AESHO] & O 70| #{HX1 AS.

Definitions

=3t (Kinematics)

glo] HiXE 232 Hel £Eet 7tEE & AHMEA
Study of movement over time.

Not concerned with the cause of the movement.
Ak (Dynamics)

= M2 25 HEfof ot 2ol 4

m Study of forces and masses that cause the kinematic
quantities to change as time progresses.
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Game Physics

2= (Motion)

21 X| (Position), &&= (Velocity), 7t& X (Acceleration)
gl (Force), = (Gravity)

2= (Buoyancy), X2 (Drag)

Or&r (Friction)

m 2F0rE (Kinetic friction)

m A X|OrE (Static friction)

o AZE (Spring)
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Motion

Basic Motion

= (motion)2 A|ZH0|| 2} 2H| Q| K| 7} HSH= 34 Al
=2 LIEH7| QA £ B(speed), £ & (velocity),
=0 (acceleratlon)Ef._ E| 22 A}Q-

T (velocity)= HIE{

HH|

|E 85k (direction) S LIEFHH

O
Holf = = Jp S HO Ho

4 E{ O] BISF (direction)2 22%12l9|
#lE{ 0| ZO| (magnitude)= =& Y2l & SH(speed)E LIEHH
0 £ HEE= AN 7F A|ZHO] Z1tof el HofLt
ALIE 72/

X
&

&©9©

o HQ| (displacement) = &= (velocity) * A|Z}t (time)
o OHF S| 7L A|ZHE POl A S2sto] A &
t C

(constant velocity) vBtE 2%

x| oICH,

Baret 29| P(t) ?{X|(position):

P(t)=PF, +vt

o NOTE: EFe|(unity= AHzZ|o| AL

meters, A|Zt9| AL

seconds, &£E°| AL meters/second o|o|gt

Varying Velocity

Acceleration

o 9o BN EX7 YUY SER SHY Rt HEots
= BCF YHEN QI AR, SX|Q £E22 A|7to] Zutof w2} Hi#
0 ST CHO| AITHE 23Q 9| BBt
= AlZHO| 2 QX Q| HalE d
= S QXIS AZHO CHal st Oj2ek gk () =—P(t)
- ST UHB A2 = v, ct
s SEJF ARG 202 HEt v(t) = vy + at
o O|lf, H¥|(displacement)= £ =o| H&E £} (integral)

t
displacement = I velocity dt
0

0 7tEEs Bel AIME £29

o7tEEE -"‘-EE Al Ztof cHaH
2

a(t) ——v(t) _d PO

0 &£E= 7S50 HE {i(integral)

t
velocity = _[ acceleration dt




Euler Method (or Euler Integration)

Euler Method (or Euler Integration)

0 22 Y (Euler method, =2 Euler Integration)
Hgl ex0M R WEgez 7ty 7250 M2 2
JdgjLf, H{n X X7t 3A &
T7H[a, b]E N7Jo| FZt0 2 LH=QS [ ztzto| M
t;=a+i*h,i=0,1,2,..,N and h = (b-a)/N
m QUP HHHL gi=a, o,; = o; + h*(t, o ),i=0,1,2, .., N-1
o E,_P-?-| AlZHE EH|7F AIMoe 2 HAX| & & (current velocity)
2 259l 9%

dt =t -1,
P(t,) = P(t,)-+v ct

022 S HESH0 X X E AL:

dt = t1 - t0;

Acc = ComputeAcceleration();
Vel = Vel + Acc * dt;

Pos = Pos + Vel * dt;

P(t) = [ (v, +at)dt =P, +vt +% at?

Gravity
S8 (gravity)= X2 EHO|AM L™t 75201 9.8
meter/sec2

o0 SHY WO EXl= X+ 5 BZLE F=mg &2 &3

S o
ME & 2F(mass) v0

F=mg (g=-98T.) Q.

gravity
(0, -9.8, 0)

v2
v

Force
o g (force)= &&(motion)d H3IE Lo 7|= |
0 & gsto| N 2] (750 HAl)

F=ma

—a=F/m

o Dtof A&k (mass) M@l EM|0f| & (force) F7t 7t /=S [,
o Y2| W¥S M0l 25 (motion) ALk
Acc = F/M;
Vel += Acc * dt;
Pos += Vel * dt;
Note that F, Acc, Vel, and Pos are all vectors. M is a scalar.




Gravitational Force

o 0t QI=/E 3 (gravitational force)
= O] 3 oto EX5t= L= EME2 CHE ENE 24U
gl Xl2fko

=0g7|= §20| Y=, 1 8ol 37|= & =X

=t

!
]

o —

HIHSt, = OIEI HE|2| M&of 2|2 gtCt.

=X 2 FHS4! (center o

of mass)E &ksiC

B

o

Projectile Motion

O A7k t=00 M| 7| @|X|7} PoO| R, 7| £& 7} v,
AR (projectile)2] 9IX|

P(t)=P, +V,;t +% gt’

— oo - = 1

o =2 A|Ze8|0|M X() =%, +V,t, Y(t)=yO+Vyt—59t2, Z(t)=z0+v,t

= HCFAFEAOQI |EE'”O|H% Qs Of =2 otk 2 SH 2t

g Aute 27t At O EFARR| 7} X|CH =0|0f EEShs AlZF t
- ofaf Jo] #0| M8 U, et £otEct FAI7E S =olof =Zohs Al 0
/ y() =v,t—gt’ —0=t=2
GMM 1 9 \
Foaiy="—5— (G=6.673x10") O 2EARR| 7} EEHSH 2 9l X|r) —L-=O| h
2
V.

M,, M, :mass(kg) / h=y,+=

d : distance (meter) 29
Projectile Motion Buoyancy — - 7

gt olgjio]| = HEEE=2 Lt A IH

SAHZE el o= HEE TTH Sord =8 A o B7IL 23 22 9H S0l 53 ze AH7
y(t) = y0+vt_,gt =02 22, Y Qo] 26 MEgH £ JIX| &o| ZE.
AV o 23 (buoyancy force)
XV =%, +y,etEtHU=r =—"= = UEO| XO|0f| 2510 /|2 MER 4550 S22tite £
g N = Ot27|M|C|A(Archimedes)2| | 2|: EX|0 & &5= % E—LI

o TARE OHo| 27| £ 7F FO/E M, HAIME Z[CHt 37| M7 Lo M2 FAIt 2},

0| 28 2 QI HARZIE, 0 = 22 = BH0| U5 x FHAKE (981 m/s) x £T] (2H 9] biet

2 =P HOl x M2 =0|)

o |st=

r=
g g

[S]

= AL rE 77| Rl BA 4R, 0
2V, :>r_2(scosa)(Ssm a’)_s

Fouoyaney =—P1 V0

P 1s the dersity of the fluid

V is the volunre of the displaced body of liquid
g is the gravitatio nal accelerati on




Drag

o XMet= (drag force)

=H7t 25 OEH a8 Yfist=
=O0[LE 7] £0iM SEL Wof 2t %“é'i
Drag at low velocity (Stoke's drag): {{&&H2 X7l E5+E (),
80| E+5 (h), =7t S 5 (v)M|CL

F,=—bv

b =677r (r :small spherical object radius, 1: viscosity)
Drag at high velocity:

lp/ AC, (Vov)M

F, is the force vector of drag
pis the dersity of the fluid
vis the velocity of the object relative to the fluid
A's the reference area
C, is the drag coeflicien t

Kinetic Friction

o 2= 0rE (kinetic friction)
[ ] Moz 2X0|=

2 S £ HE AO[Of A 2AISHE 8. X}l
250 tfgt Hgoz &8s

= -

—

118 the coeflicien t of kinetic friction

F =—24N=—z4,mgcos 6
F=F, (AW 0 20152 4 F (25712

a=F/m=(F; +F;)/m=gsin 8— 4, gcosd
F; =mgsin &

Static Friction

o A X|Op& (static friction)

ot gHO| O 2|0 =0 = X E 2HE S20|X| XSt &
27210 =3l 250 7}0HX| = tangential force2| BtCjHlzto 2
-85t %xﬂQl 252 Yofg
YX|opE

F =—uN

N is the nomml force

1i1s the coeflicien t of static friction

S H o 7R 20| F2| A|Tjgte Wi
A|ZSHH, D8 H= F 7|- AR2HX| 3, FK7|-
HX|E 2H = 50| = Ho| 2Xo|
SEO|A 81E AR dSChF <F
BRIS JI2Y 0 2H71 DINBIRI7| AlRrste 20E: | oHe
SEHBD 2Ho EHAE

Mg cos @=mgsin @ =>O=tan"' 14

|.

Momentum
0 &2 (momentum)2 % ZF(mass)dt & & (velocity) Q| &

0 Ao 25 (momentum) HstO| £= AXGO| 2ot
2 (force)0f H|Z|ot1, glo| Sekit LX[SHCL
o g(force)2 &2 (momentum), P,2o| O|& 4}

P=mv
= Y —ma-F
dt dt

O Momentum2 AL23E 25 Q| 7 At
Force = ComputeTotalForce();

Momentum += Force * df; /] dE HESHH 25T At
Velocity = Momentum / Mass; // S2nt Mo & At
Position += Velocity* dft; // FEE 250 K| ALt




Angular Velocity

Centrifugal Force

o Zt& 2 (angular velocity)= £S89 3 M& T
o Z&E = A7t 22 9| HshE (radian/seconds EHY)

d
ty=— at
Aty =— 00
0 Z4EE B|F%E A0 BT 37|17t wn)Ql HE
aXt) =) A

0 2™ SHLZRH rItg BT XM M7t £
\%

2 2535l1 Qe I
= BHO &L v(t)_|a;(t)r\

m N[O X|E rt)2tr SIH E Mo ML (linear velocity):

V(t) = axt) <r(t)

o SH5|°| M7IEE (linear acceleration)

att) = (t)xrt)+a(t)xr'(t)
= () < F(t) + ax(t) x[eaxt) xr ()]
o 27 A™SH 42 w'(t)=0
a(t) =) <[t xr(t)]

m J}E& L a= QOHZE digfal

[ S |

=, Bo| Xt

oo E—l o~

= 2N0M FHEHI 22 A7|9| HiC
(centrifugal force):

F, =—m(a(t) x[at)xr®)])
= r()Q wt)7t =20l 2%, AdEH2
F :mcozr:ﬁ
-

-

V=Xr

Ol

§ 0
(ten5|on)°§$ o e

HIstO 2 10| AL - £

St scalar2 B3 =

Rigid Motion

Integration Method

o ZdX 25 (rigid motion)
= ZR(rigid body)2t 2| 27| HHo| gl et 2 (solid
object)O|LCt. (2 2X| translation & rotationZt 7+&5)
o AKX 59 (Rigid body dynamics)
m Linear & angular position, velocity, acceleration
Force = ComputeTotalForce();
Momentum += Force * dt;
Velocity = Momentum / Mass;
Position += Velocity* df;
Torque = ComputeTotalTorque();
AngMomentum += Torque * dt;
Matrix I = Matrix*RotInertia*Matrix.Inverse(); // tensor
AngVelocity = Linverse()*AngMomentum;
Matrix.Rotate(AngVelocity*dt);

o @28 B (Euler method)
BV =V, + adt x = x, + v¥dt
s H3I20| A=Y [Mjj= 100%7(42}0}
= H3LS0[ AZHO| 2t M M= of
floatt = 0; // SX{ AlZt
float dt = 1; // A2+ 2+ (timestamp)
float velocity = 0; /] X7 &£
float position = 0;  // Zx7| Q%]
float force = 10;
float mass = 1;
float acceleration = force/mass;
while (t<=10) {
position += velocity * df;
velocity += acceleration * dt;
t +=dt;

27t Exe

Initial - y'(t) = f(t, y(1), y(t,) = ¥,
Euler Method : y,,, = y.+hf (t., y:)




Integration Method

Integration Method

o SX-FEl 88 (Runge-Kutta method)
st

= RK4:= Of Festa 0j2of eHg=
Initial : y'=f(t,y), y{t,) =Y,
RK«MM:%+2m+%ﬁQ&+&)
\ — )RR

kl = f(tna yn)
T Yiswad g T, Ry s
h h o
k2 == f(t +2k) 5 J ) PR -

b

h h
=ft,+=,y,+=
ks = f(t, >y 2k2)
k,=f,+hy, +hk;)
k, +2K, +2k; +k,
6

slope =

void RK4Integration(vector3& pos, vector3& vel, float t, float dt) {
vector3 k1Vel = vel;
vector3 k1lAcc = f(t, pos, vel);
vector3 k2Vel = vel + 0.5f * dt * k1Acc;
vector3 k2Acc = f(t + 0.5f * dt, pos + 0.5f * dt * k1Vel, k2Vel);
vector3 k3Vel = vel + 0.5f * dt * k2Acc;
vector3 k3Acc = f(t + 0.5f * dt, pos + 0.5f * dt * k2Vel, k3Vel);
vector3 k4Vel = vel + dt * k3Acc;
vector3 k4Acc = f(t + dt, pos + dt * k3Vel, k4Vel);
pos += (dt / 6.0f) * (k1Vel + 2.0f * k2Vel + 2.0f * k3Vel + k4Vel);
vel += (dt / 6.0f) * (k1Acc + 2.0f * k2Acc + 2.0f * k3Acc + k4Acc);
}
while (t<=10) {
RK4Integration(position, velocity, t, dt);
t +=dt;

Springs

Springs

o Hooke's Law

« AZYo| B2 AmYo| Z0|/Heo] bl

=—Kd F=-Kd

o AZEIO| AXIL HE| HO{ R ~Z(stretched) AT 29|
gmA+H|ﬂ§IW1“ﬂE§NIﬂm

C e

OoAZEO UGBS = =72 [f(compressed) & X}9|
QX7 AZE O] HHHEfO M2l HO|EHE HOXEE
0] 20| 583

= F -F
—_

(&

U'




Springs

Spring Classes

o & F 7te| HIHE AR50 He(Qt 2ol Yaks A4t class PointMass
Vector3 v = pointl — point0; {
float displacement = v.length() — restLength; float mass:
v.normalize(); float 'tf 31:
Vector3 force = springConstant * displacement * v; oat posi Ihon[ l
float velocity[3];
float acceleration[3];
‘E void ClearForces();
: void AddForce();
‘(\/;}: N F void Update();
&x’fix/ o/ ~a void Freeze();
. Y }
Spring Classes Simulating Cloth
class Spring o X4/H(Cloth)2 A= 2 Oj4[2 A|S2|0|H & =
{ NS
float pointMass[2]; = 371X| Z29| Am2I0| D E THE|Z0f M
float springConstant; = StructuraI.Sprlngs
float restLength: o Shear Springs (to pieverttive fiag
void Update(): from shearing)
®




Simulating Cloth

Particle Systems

O Bend Springs (to prevent the flag from folding along
the vertices).

o Connect to every other particle.
o

Structural springs l

—

— 7
P

Bend springs

o Star Trek II (1983) “Genesis Effect’Of| A S22 AR E

Particle Systems

E.g. a 3D particle might be represented as:

O YUXA|AH (Particle systems)2 Z&, H7|, 3txf,
2=0| 5= A& 0|d
o H2|Lp H s 22 H|ZH AN L2E5t=0 7&
o HZF(Mass), £ X|(Position), & X (Velocity)E 77!
2ets| Ao S
o &8 Xt 852 31t 2ol Hg:
= F=ma (F=force, m=mass, a=acceleration)
m a=dv/dt (Change of velocity over time- v=velocity; t=time)
m v=dp/dt (Change of distance over time- p=distance or
position)
= Fm v p2 #4E 7|2 ol #=& 7Hd

class Particle
{
float mass;
float position[3];
float velocity[3];
float forceAccumulator(3];

}

o forceAccumulator 7} Q= 0| = X7 027X &

o Y2 WS % U7 ME - eg. ZLZ
A WD STt B ote @R Yol PBS #we
[=] Y

o o
o FRAA7F LAof HEE 2ol ACHH
=




E.g. 3D Particle System

Particle Dynamics Algorithm

class ParticleSystem

{
particle *listOfParticles;
int numParticles;
void EulerStep();

For each particle

{
QUKXtOf| 2E235F= & A A (Compute the forces that are
acting on the particle)
AUXto| 7t A4t (Compute the acceleration of each
particle) F=ma; a=F/m
AUXES| =& A At (Compute velocity of each particle
due to the acceleration)
U XFo| 2| K| A4 (Compute the new position of the
particle based on the velocity)
}

How do you calculate velocity?

E.g. Euler Integration (EulerStep)

O Recall that:

= a = dv/dt (ie change in velocity over time)

m v = dp/dt (ie change in position over time)
o &5 (velocity)e 7t 22| A& (integral of acceleration)
2IX] (position)2 £E2| H& (integral of velocity)
O 7% Bt =X £ g (Euler's Method):

m Q(t+dt) = Q(t) + dt * Q'(t)

= So in our case:

To find velocity at each simulation timestep:

a

= y(t+dt) = v(t) + dt * v'(t) = v(t) + dt * a(t) // we know a(t) from F=ma

To find the position at each simulation timestep:
= p(t+dt) = p(t) + dt * p’(t) = p(t) + dt * v(t) // we know v(t)

o To find velocity at each simulation timestep:
v(t+dt) = v(t) + dt * a(t) // we know a(t) from F=ma
v_next[x] = v_now[x] + dt * a[x];
v_next[y] = v_nowly] + dt * aly];
v_next[z] = v_nowl[z] + dt * a[z];

o To find the position at each simulation timestep:
p(t+dt) = p(t) + dt * v(t) // we know v(t)
p_next[x] = p_now[x] + dt * v_nowl[x];
p_nextly] = p_now[y] + dt * v_nowly];
p_next[z] = p_now(z] + dt * v_now(z];

o Remember to save away v_next for the next step
through the simulation:
= v_now[x] = v_next[x]; v_nowl[y] = v_next[y]; v_now[z] =

v_next[z];




Warning about Euler Method
o A|Zt E,_rﬁﬂt 3™ (big time steps) M &
Oj 2171 'Lt
o O] of2{7t Lle|™ AXIIF SH K| K|
il Eor AR E HO/HE[= 20l
LIEHE
o [EfA ZH2 AlZE EHAS AFESIE} -
[} Xl':.'_F A= )\1.7_* CIAH S At%ﬁﬁ CPU
Azt elo] motegg S g8 T
O Of A7 EHA|OLCH DRAWE & T s
gle - E@. 10 timesteps& AlAfot =
O ANE J2| =2 &
o O LIS &fjA*d Estimate
Adaptive Euler Method
Midpoint Method t

Implicit Euler Method
Runge Kutta Method

Adaptive Step Sizes

0 7bs3 M2 AME & £ UE2 st I O
= step-size (dt)E et

o d2fL}, O 2 step-sizet O B2 222
NAES

MHC
e

Euler with Adaptive Step Sizes

m}

Suppose you compute 2 estimates for the velocity at time t+dt:
So vl is your velocity estimate for t+dt

And v2 is your velocity estimate if you instead took 2 smaller steps of
size dt/2 each.

Both v1 and v2 differ from the true velocity by an order of dt? (because
Euler's method is derived from Taylor's Theorem truncated after the 2nd
term- see reference in the notes section of this slide)

gyzthat definition, v1 and v2 also differ from each other by an order of
t

So we can write a measure of the current error as: E = |[v1-v2|
Let Ejerateq € the error that YOU can tolerate in your game.
Adaptive step size dt,q,g is calculated as approximately:

dtadapt = Sqrt(Eto\erated / E) * dt .
So a bigger tolerated error would allow you to take a bigger step size.
And a smaller one would force a smaller step size.

Handling Collisions

o YUXE (particles)= EH
1 ZE (collision)O| gtz /) s
2 ZEE (collision)Of TSt SHIE HI22 ZX |0 &

mo T

= =2

N O
|0
re
oim
N
I
jae)
=}
oot




Detecting Collision

Particle/Plane Collisions

o YutHoZ FE X BN
m Particle/Plane Collision — 7}75; ZhChst

= Plane/Plane Collision
m Edge/Plane Collision

P = ZT(plane) #/0f ot
N = H3H(plane)Q| #MHIE| (normal)
X = xtel XA

O
O
O
oFor(X-P).N

Collision Response - dealing with the case where
particle penetrates a plane (and it shouldn’'t have)

CoIIision Response

o 9Kt 9ix} X7} 9oz
Sole Z2, -
=x= = /
o= Y,

TEER I e o

= (E=5tes) EHol i HH
O Vn Vo| =21 & (normal
component of a vector V)
Vn=(N.V)V vn
o Vi= VO| =H /M 2 (tangential
component of a vector V)

Vt=V-Vn
o Vb= (5=0) HngOJ HhS HH
V (l—K *Vt — (Kr * Vn)
%*ﬁl—’,*— (coefficient of restitution):
HO| HOfLf BFH X OIX].
perfe tly elastic; O=stick to wall.

m Kf= OpEFAH| 5= (coefficient of fnctlon) é,
HPOA o 20| Vit A0t =X =X
1= partlcle stops in its tracks. 0=no
friction.

IitlrII o
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