Geometric Objects
and Transformation

Geometric Objects
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o M (Line)
m 2 points: R, Q P(a)
mv=R-Q
P=Q+av=Q+aR-Q=aR+(1-3aQ q
= P =2a;R + a,Q where a; + a, = 1 (affine sum)
o HM (Plane)
= 3 points: P, Q, R
= T@a,b)=P+au+bv
m ne(P-Py) =0wheren=uxv
o 3Kt ZHA| (3D objects)
= 3% BZH Lo MRSl Htolct
= HH(surface)of Q|8 7|&=E|11, 0| H| UL} (hollow).
= HH EE CtZHY (convex polygons)2 2 T 4= QULE
m QO|9| CtZtY (arbitrary polygons)2 +t2t Ch2b&(triangular
polygons)2 2 &g (tessellate)=lC}.

Py °

Coordinate Systems

o 7| XH"lE (basis), vi, Vy,...., v,

o oo HlE v v=oyvy+ oV, +.... v,
o {ay, 0y, ... a 3= 7| X0 CHt v0| d&(component)
O|Ct.

o 7|I101| CHSH vo| & representation) & & £

rir

Frames

O OtZlz 7t (affine space) H(point)2 ZE oLt
o 2™ (origin) @ 2EH 7| HHEHZ Z}
HHS T2 (frame)O| 2t FECLC}

o T (Py vy, Vo, V3)
O T A0A HE O] ED: v=a,v,+ av, +.... 40V,
O L HOM "l HD:P = Py+ Byvi+ Bov, +.... 4BV,
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v=[o;00;0]7

p=1[Bi BB 11"




Change of Coordinate Systems

Change of Coordinate Systems

O O|E =0, OpenGLOM = 22 XHAE O|EHA
715+ “golotit. 2| MA ZEAZ FAZEICE
O 27H9-| El-% 7|I-IH_II!E-I {Vll V2/ V3}l {u]_/ UZI u3}
Up = Y11Vaty12VotYiaVs

V2

Yy

Up = V21V1HY2aVoty2sVs \
Us = Y31V1HY32VotY33Vs ;
Yn Yo Vi
M=y, Y2 Y23
Ysi o Y2 Va3
Uy Vi
u, [=M|v,
Us Vs

Vi

V=ayV, +aV, +aV, =, a, a]V,
V3

Translation of a Basis

o 7| X =9 &lghol 3| ™ (rotation)d} 3 7|(scaling)
Hets aoidt ez O 7| HIHES| s Red
% Qltt v
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Homogeneous Coordinates

vector v = Zaivi = [al a, a 0

o o
p=| % |y=| %
a, a,
1 0

Change of Frames

o 2749 =8| (POI Vi, Vo Vg) (Qo: Uq, Uy, U3)

Uy = v VitypVotyisVs
Uy = V21V +Y2oVotY2sVs
Uz = ¥31V1+Y3VotY33VYs
Qo= YarVatYaoVotasVs P

U, Vi

u, -M v,

Us Vs

Qo R
T Y12 Vi 0

M = Yoo Yo Ys O
Y Y Ym0
Yoo Yo Vs 1

O a, bE _IIZ_ EE“% (POI Vll V2’ V3) (QO’ ul’ U2, ug)O‘”A-I xc-ll
£ HE o =Xt xtE B3 0|CH
u, V; V1
bT u2 _bTE!VI V:g zéT sz
Ug | 1| Vi| f Vi
Ql il Bl LR
Yu Vo Vn Va
MT _ 7/12 )/22 7/32 7/42
Viso Vs Vo Vas
0 0 0 1
na=M'b

~b=(M""a

OpenGL Frames

o HH(2E) ZtHEAH (model-view coordinate system)

o MA EFEA (world coordinate system)

o =FtH2H =& A (camera coordinate system)

o EGHz 91 F2|d (clipping coordinate system)

o Mt &KX ZEA (normalized device coordinate
system)

0 | E=2@HH) ZHHEA (screen coordinate system)




Transformations

o #3} (transformation)2 X
CI2 Moz OjZA|7|= &

0 OpenGLO| A= 2Xt3 (x, y)

2=00l B2 FJect

OpenGL
calls

ﬂ

ModelView —[]— Projection —[]— Rasterize =[]
transform transform ﬂ

Display

General Transformations
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Bets golg - UL

q = f(p)
v = f(u)

Affine Transformations

o Ot H 3} (affine transformation)& A& A (colinearity)2
5

= = EEQICL oF Mol Qls 2= FHO| gl 20
gietEl M &0 =X eStot.

o EESH AH2|Q| H||(ratio of distance)2 S X|SHC}.
= 5, o |

=, 3t 40| FH (midpoint of a line)0| #et S0 = REHel
Mol SHo| IX|BHt.

o P’ = f(P)

O P’ = f(aP, + BP,) = o f(Py) + B f(P,)

Affine Transformation

0 AFH DAEAM RQZE St BEO| (HEEL
OfZl H=lo|Ct. O =2 0| = (Translation), 2| ™
(Rotation), 3 7|2t (Scaling), 2 ! (Shearing)2
masict

o HetE P (L y, ) Bl FP

(linear combination)2 2 B3 4= QULL, ie.

X a a, a3 Ay

y
z Oy Ay O Oy
1




Affine Transformation

o HSE H P (X y)E el F P (x y)el XY (linear
combination)©O 2 B3 4= ULt ie.

1

X| = (0 X+ opy + o3
y Oy X + 0y + 03

1 1

X'| =( oq; app o4g3) *[ X
y Oy Oy Olp3 y
1 0 0 1 1

Geometric Transformation

o 7|5tatA K| Q| Bzl geometric transformation)O| 2t
StLt L= 1 O 9| 7|5tetX M| S HARSH= 2

A52 MER Xz &7|= g+E 2|0t
o Of mf, Zix|Z2| BEE AO|2] 2AZ FX|SHHA
StLte| Hsto = HEE8 MER /X2 FICH
O Basic transformation
m O|F (Translation)
= 3|™ (Rotation)
m 3 7|H2} (Scaling)

2D Translation

O 0|5 (translation)2 Z=0{ Xl ek

& AHO| CF.
X' =x + d, y
y =y+d

2D Translation

Translate individual
vertices




2D Translation

o 2D translation

X'= X+t
y =y+t

O Inverse translation
X =X -t
y=y-t

0 Identity translation
X'=x+0
y=y+0

Rotation

o 2K O AF (0,00 CHo 2= 6 2HF 2|7 (2D
rotation about the origin by 0)
(]

0

® 0 > 0 : Rotate counter clockwise in RHS

(X, y)

,\6 0 < 0 : Rotate clockwise in LHS
]

@ = arctan [yj
X

OpenGL RHS CCW

2D Rotation

O Rotation of a point P(x,y) by 6 about an origin (0,0)

X = r cos () y = rsin ()
X' =rcos(p+6) y=rsin (¢ + 0)

"':-E:-c-)-s".(;b":_"éj .............................. . . (X’, y’)
= 0)| cos(0) =r sin(¢) .s.'.n.(.@.)..
= X cos(6) — ysin(0) 0

y’ _ Lrsm(b ........ ) ............................ i .(XI y)

; y cos(e) + X sm(e)

X' = x cos(®) -y sin(6) X' cosd —sin@\ x
y' =y cos(0) + x sin(0) =]
y sing cosd )y

2D Rotation

Rotate individual
Vertices




2D Rotation about an Arbitrary Pivot

2D Rotation

O Rotation of a point P(x,y) by 8 about an arbitrary pivot
point, (X, y,) :
P = R(0) P
X' =X+ (X—X)cos0—(y-y,)sino

Yy =y, + (X=X )sin0 + (y-y,) cos 0

o 2D rotation
R = cosh —sine]

sind cosH

o Inverse rotation

o R1 =/(cosd sind
o 0 Y) -sin@  cosO ]
4 O Identity rotation
X, y)
b Reo =1 O ]
(%, ¥, o1
2D Scale 2D Scale about an Arbitrary Pivot

o 37| #Het (scaling)2 M| E scaling factor (s, s,)=2 3|
DFSALE 2 A BtE = QUCEH F, OFE H|ZH| (affine
non-rigid-body transformation) £ 2t0|LC}.

o 37| #Hek2 - F(pivot point)S ZHEIL}. HEEA
x| 7|2t HX|= AO| otL{et {[X[= B A = Cf.

X' =X s,

y =ysy
@2 Hoaw=e .
. (2.2)

(L1)

(4.4)

o Scale a point P(x,y) by a scaling factor relative to an
arbitrary pivot point, (x; yg) : P = S(s, s,) P

X + (X = X ) S,
Ye+ (Y —Vys) sy

X
|

=Xxs, +X(1-5)
=ys, +y(l-5s)

<
|

Pivot point




2D Scale

2D Reflection (Mirror)

0 2D scale o HtAF (Reflection)= n7dF0f| TS 24X 7}
. i o HHHeto 2 MBte| = 20|k,
* m HiAL= ZHE (angles)it 37| (lengths)E& E Z=$HCL.
0 s . .
y o 2D reflection over x axis ‘ 4
mirror over.y
o Inverse scale X' = X | =
ST =(1/s, 0 y =-y Q‘ ap
0 1/s, J o 2D reflection over y axis & T
; X' = -X 5
O Identity scale . 3
_ y =Y 5
s =1 0 o 2D reflection over (0,0) ‘ ‘, E
0 1 X’ -y 1 ( \
y' =-y
2D Reflection (Mirror) 2D Shearing
o 2D reflection over a line, y = x O Y-=Z2 BHSHX| &40, x-= Higto 2 QA El(shearing)
X = S SHSHCE:
y ! y =X ]
y' =X °/ X =x+y hy
0 2D reflection over a line, y = -x y =Yy
. °p
X =-y X1 =71 o 0 [ x
y' = X " y 0 0 y
1 0 0 1 1

H,, — Shear y into x




2D Shearing

2 2! (Shearing)H

O =5
0 X-Z2 HOK|
X =X
y' = xh Y
X1 = (1
y hy,
1 0

<

Homogeneous Coordinates

o 0|z, 2|®™, 27| Het HHEZ S5H7| ¢
(homogeneous coordinates)0f| A{2| tH H2
AR BITY.
O SA} ZFES 2KFO| ® P (x, y)= P (x, y, W2 EHSHY.
o (1, 2, 3)1f (2, 4, 6)2 &S SKxtE E30|C}
o 2ref ® P (x, y, w)2| w7t 00| H, 1 g2 FetXEo
Fof w2t 07F OfL|2tH, 1 FH2 (x/w, y/w,

Transforming

Homogeneous Coordinates

T(dx, dy) =(1 0 dx O 2KtS HssizEe
0 1 dy SAHEFE 9| 3x3
FECE R
0 0 1 oIt}
R(6) =(cos® -sin@ O
sind cos6 O
0 0 1
S(sx,sy) =(sx 0 O
0 sy O
0 0 1

3x3 2D Translation Matrix

o B HEO| & (matrix-vector multiplication)2 2
HAEICE
X'| =[x |+ [dg
y' y d,
X| =(1 0 d)*|[x
y' 0 1 d, y
1 0O 0 1 1




3x3 2D Rotation Matrix

x| =(cos® -sin® X

y' sin® coso y
X] =(cos® -sin6 O
y' sind@  cos6 O
1 0 0 1

3x3 2D Scale Matrix

X =[s, 0 ][x
y' 0 s Jly
X =(s, 0 0]*[x
y' 0 s, O y
1 0 0 1 1

3x3 2D Shearing Matrix

x| =1 hyJx
y hye 11y
x| =(1 hy 0]*[x
y' hyX 1 0 y
1 0O 0 1 1

Inverse 2D Transformation Matrix

T = (10 -,
0 1 -d,
00 1

-sin@ cos® O

R-1 = cos® sind O
0 0 1]

ST = (s, 0 0

0 15, 0

0 0 1




Composing Transformation

o Composing transformation O|2t O 2 H 52
=AME HEAANM otLte| gigts O|F= nHFO0|Ct.

o ot §= Hetote{ il oot oo il

iUt o] Zalg Sast 20 of

FEE.Q = (M3 - (M2-(M1-P))) =M3-M2-M1-P
(pre-multiply)

ox 1% rot
20
zp 1O
|'OI- O|'
r°¢
)
1o

M
Xl (associative) PtESICE.
M3 - MZ) M1 = M3 - (M2 - M1)

[m|
o
n
1o
i
Y

M3 - M2 -

rﬂA uo¢

o
> o
e MH
10
w [IH
L Mo = < ro
|:J 1l

Transformation Order Matters!

Al (commutative)O| A &SHX| Q=L

o e WHEo| FH2 wetA o] HESIA| =Ck
o Qhok Zte w3t shEo|gt st ate Zots Ao et
AHS| 2 ZIE JHE 4= ULt

\
*
4 [ -4

2D Rotate about an Arbitrary Pivot

o gele F P(d, d)oilAf 6 2t 2K+ =

T(-d,, -d,)
= R(0)
- T(d, d)

1 0 dyf{cos6 -sin 0|1 0 -d,| = cos® -sin®  d,(1-cos®)+d, sind
0 1 dyf|sin® cosb 0|0 1 -d sin@  cosO d,(1 -cosb)-d, sin®
1{/0 0

y
0 01 0 0 1 0 0 1

T(-d,-d,) R(6) T(d,d,)

T(-d,-d,)- R(®) T(d,d,) = R(d, d,, 6)

2D Scale about an Arbitrary Pivot

o olo| ¥ P, d)E BAMoz 37|k
= T(-d, -d))
= 5(sy sy)
= T(d, d,)

T(-d,,-d,)- S(s,, s,) T(dy,d,) = S(d,, d,, s, s,)




2D Scale in an Arbitrary Direction

o Qo|o| visto 2 J I3t (by rotating the object to
align the desired scaling directions with the coordinate
axes before scale transformation)

= RY0)
= S(s,, s)
= R(0)

cosO -sinf 0
sin® cosf

0 1

S, 0 (s,-sy)cosbsin®
sy

5,00520+s, 5in%0

cos®  sind 0 | = [s,cos?0+s,sin?0
-sin cos® 0 (54-8,)cos0sind
1 0 0

R1(6) Sw R(6)

)’

0

0

|

JL

Example: 2D Rotate about an Arbitrary
Pivot

g8 (11, B1), BAHE A= ot dAd=
d (22)00 Tiotof 45k =otey. 5
1. Translate point to origif; =[ } \

-2

AP

T
2. Rotate 45 degrees; _ 07 =707 | [)Zj
707 707 vz

2
3. Translate back to original locationl, = {2}

4. Composite transformation P = RP+ T) + T,

S Eil (| B

Example: 2D Rotate about an Arbitrary
Pivot

oP;(1,1)

"707 —707[1] [-2]) [2] ¥°
Pl': + + 4
707 707 \|1) |-2]) |2] ¥4 __

_[707 —7077 ‘—1D+H |- {. s

707 707 -1

Example: 2D Rotate about an Arbitrary
Pivot

oP,(3 1)

e (R R £
{0 o |1
L3

{3 214}

o = O G £ o
L]




Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary
Pivot

o P;(3 4)
707 —.707)([3] [-2 2
P,'= + +
707 707 _[L} L ZD {2} RN\ Vi

707 707 ]([1]) [2 1 .
= + 0 !
707 707 |([2]) |2 e
—.707] [2

= +

(2121 |2

[1.293
412

o Result:

(= J G B O
L]
— D W = Ul
’r

=
o

et M g4l M A H (2,22 =Mooz 3|H
1, 1), 3, 1), (3, 4 3l S

(2,0.59), (341, 2), (1.29, 4.2)

Example: 2D Rotate about an Arbitrary Pivo

Using Composite Transformation Matrix

Example: 2D Rotate about an Arbitrary Pivo
Using Composite Transformation Matrix

o ZE 11,631 B4HE #de= ot a2 H 220
CH3L0] 455 3| F}a}.
o P'=T(2,2)RA5T(-2,-2)P
M =T(z,2) R45T(72,72))

1 0 2|cos(45°) —sin(45°) 0|1 0 -2
=10 1 2|sin(45°) cos(45°) OO0 1 -2
110

M P

0 0 1 0 0 0 1
(707 -707 21 0 -2
=.707  .707 2}{0 1 - 2]
0 0 1|0 1

[.707  -.707 2
=1.707 707 -.828|=M

0 0 1

1Py 707 -.707 2 1 2 Jy
P'=MP =|.707 .707 -.828|1|=|.586 4
0 0 1 |1 1 1L
1 H
2. P, 707 —.707 2 T3] [3.414] 4%+

P'=MP,=|.707 707 -.828|1|=| 2
0 0 1|1 1

3.P, ; |
707 —707 2 3] [1.293 )
1i

P'=MP,=|.707 707 -.828|4|=|4.121 x
0 o0 1|1 1

Al




