Geometric Objects -
Spaces and Matrix
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Spaces

o HE S7t (Vector space)

|
n Aep ZH2 AZE} (scalars)@f BIE] (vectors)E ZHA| L QULCE.
[ ]

Scalars: a, B, &
= Vectors: u, v, w
o OjmpQl =7t (Affine space)
m HE{Z 70 H(points)O| FItEICE
= Points: P Q R
o §22|E &7 (Euclidean space)

= AH2| 7§g (Concept of distance)0| Z=7}=ICt.

Scalars, Points, Vectors

O 3 basic types needed to describe the geometric objects
and their relations

o Scalars: o, B, &
o Points: P, Q, R
o Vectors: u, v, w
O Vector space
= scalars & vectors
o Affine space
m Extension of the vector space that includes a point

Scalars
o S, S0 CHslo] metH A, ASHHA| 2HiHA HE
o+ B=B+a

a-B-y=(-p) -y
o B+y)=(@-p)+ @7y
.|

X
m
ICX+(I3+Y)=(0L+[3)+Y
m
m
_|

o S gSQ(identity) 0uf S SS9 1
ma+0=0+a =a
ma-l=1a=a

o MOl AH(inverse)lt Mol A

ma+(-a)=0
mo-al=1




Vectors

= 3 7|(magnitude =
= ZtX| 2 QUCt

2 length)2t g3k (direction)

Points

o HE(points)2 St M 2| 9| X[(position)S =L}
o Fut HEtel AHit

0 £k (velocity)L} 2 (force)ut 22 =2|22 HHO|L} = M- WM (point-point subtraction)2 HlE{ £ THELC}.
0 AFEHIHEHA0|M MA0|= HakY ME (directed line = H-HE 54 (point-vector addition)2 Fg THEC
segments)2 B E O|LC}.
o HH= S0 Lol 2™ = fIX]|(position)E ZX| =Lt
g v=P-Q
\%
P=Q+v
Q
Specifying Vectors Examples of 2D vectors
o 2D Vector: (%, y) Y
o 3D Vector: (X, Y, 2)
ector [3,.0]
lector [2, 1]
+y / "
+y Vectori|=1;44] /
Vector: 3, 0]
-X +X
— +x (O, O, 0 (1’ _3l _4) ector [2, -5]
+X Vebtor 72,} Vector [0, =4]
ectar [2,i-3] \
2D Vector tz Point (2, -5)
3D Vector
AH 00, 0, 0)0 A & P(L, -3, -4)2 Sks}= HiIE




Vector Operations

The Zero Vector

O zero vector o 33X GHIE (zero vector)= (0, 0, 0)
o vector negation O|Ct.
O vector/scalar multiply o HE = 0 37| (zero magnitude)&
o add & subtract two vectors 7HX[ 2 RACE
o vector magnitude (length) o HH = geS ZHX 2 UX] QECt (no
o normalized vector direction)
o distance formula ——
O vector product

= dot product

m cross product
Negating a Vector Vector-Scalar Multiplication
o BE HE ve S4HE —vE ZHX|D JUCk v + (-v) = 0 e L ]
o SAHlE a*(xy z2)= (ax ay, a2

-(@y, ay a, ..., a,) = (-ay, -ay, -ay, ..., -a,) o HH AZEt L7
o 2D, 3D, 4D BIE{2| S2x(negation) Va™(xy 2= Wa /e 20

) =(x P o oA

‘(X,_y/ z) = (—X, -y -Z) 2% (4, 5, 6) = (8, 10, 12)

Uy zw= (X% Z W Yy * (4,5,6) = (2,25, 3)

-3*(-5,0,04) = (15,0, -1.2)
(3, 5, -1) B3u+v=_03u+v
22 v /
\Y
% /5 1) 2v 0.5v
(-2,-2) (0, -3)




Vector Addition and Subtraction

o BE G357 (Addition)

n 0/HZAR2l (head-to-tail axiom)2 2 9|

Vector Addition and Subtraction

o H(Point) P Of A FE(Point) Q 2 HE|HH (Displacement
vecton= q - p £ AlAHEICE

Xy Yi Z1) + (X2 Yo Zp) = (X 4%y, Ya+Yo Z1+27)) +y
u+v=v+u
o HE B 7| (Subtraction) N
Xy Y1 Z1) = (X Yo Z2) = (Xg=Xo, Y17Y2r Z372)) b }1,' ?
u-v=-(v-u — \
u+vi i x\/ -X ——\~ +X
v-u
u-v a
v v a+b+c+d
u \" u v
-y
Vector Magnitude (Length) Vector Magnitude
o HlE{ 9| 37| (magnitude or length): +y
Examples: ||V|| = \/V12 FVI VeV
Fcar i
|5,-4,7)| = /5" + (-4)* +7 V]| x y

—/25+16+ 49
=90
- 310

~9.4868

N = o7,
x = o,

-y




Normalized Vectors

o Hil

Distance

o5 &P QU2

4 Ej0| 7|0 AEHGIO| HEfQ] >, Q kel

HiSEOLS T 2 S {7} QICt 7151(E<ﬂlstance): CtE21F 20| .
O CHR[HIE (Unit vector)= HIEQ A ';“‘—Iq' o

37| (magnitude) 7} 10|Ef - ;;? P o
o CHRIEIE 9| CtE 0|2 normalized - ;"OiHZE o - d=qg-p

fors B O 02t S2C. = BRMEH d=qg-p

vectors =+ norma a0 » HIE do/ Z/0/2 78I}
o HE 9| HA3l ("Normalizing” a — . = distance(P, Q) =1 dl=1gqg-pl q \5

vector): 1 Q

Vv
Vnorm H_ V7 0

Vector Dot Product Vector Dot Product
o & "HE7Eo| LHA (Dot product): u v o & HIEZIO| LHA S HiEH 37| HleS 717l sy 72t

(u]_l u21 ual LEXIN un). (V]_I V2! V3: ceey Vn) = 7ﬁ|-£9| iAl'ol(COSII’IE)OIEf

U1V1+ U2V2+ ..+ Un_]_Vn_]_+UnVn
or n u
u-v=> Uy, u-v=HuHHchos€ 8
i=1
\
u-u = 0= acos,(H HH H

o Of A:

(4,6) (-3,7) = 4*-3 + 6*7 = 30
(3,-2,7) (0, 4, -1) = 3*0 + -2*4 + 7*-1 = -15

6 =acos(u -v), where u,v are unit vectors




Dot Product as Measurement of Angle

Projecting One Vector onto Another

o Crs2 WAl §48= ddlet Aotk

rlo

b, a-b, >0 when 0" <8 <90’

b, @-b, =0 when 8 =90°

b, a-b, <0 when 90" <6 <180

+
us vol| 2 WsofF StE 2, uev =0
+

Wev=(aW+UeevVv=aveV+UeVv=qgvey V=ov+uU
g Wy
Vv !
P o ;
uUu=w- =W——-V=W-— 2V v
Vv VI o

..................
...........

...........

Projecting One Vector onto Another

Vector Cross Product

If v is a unit vector, W=aVv+u
then ] -1

..............

o HE 9 Q™ (Cross product): u x v
(X1 Y1 Z1) x (X2 Yo Z) = (Y125 - Z1Yo

21Xy = X2y,
X1Y7 - Y1%2)
o Off A: 4
(1, 3, -4) x (2, -5, 8) = (3*8 — (-4)*(-5),
(-4)*2 — 1*8,
1*(_5) —3*2 ) uxv
=4 -16, -11)




Vector Cross Product

Vector Cross Product

0§ WE 2b0] QX (ux V)2 37| 2t MEo] A7|9 £ o 2 ZHEA O AS HE] u v7F A|A S clockwise
Bl E{ 7+ ZHE O] A}QI(sine)2| &O|LC}. turn)C 2 SAY i ux ve L2 o= BeFS
] 72| 7|4, HUK|71|HF°t counterclockwise turn)© =2
HUXVH =HUHHVHSIH 0 S [EH, uxvZh 22| 2EEH HOX|= gts2 Jte|7Ict
REE £PE71|01I*1" H*'E1 u V7f HiAl A Eete 2 25 Y
M uxve REE Fote Yeks 7t27| 4, Alﬁl%*%@i
Q X| ol [[H uxvh I |=’E.| EHO-IX"— Hl-ol:o
—_ S =) [ [
o HAHALHY (parallogram)2| & (area)% bhE A AL=ICF, 7f£i5i':f- T <
= bh lCIockwise turn
a =b(asin 8) a b Counterclockwise turn’,
h b a
= |la|l{b|/sin & :
) ” ”” ” Left-handed Coordinates Right-handed Coordinates
= [lax b
Linear Algebra Identities Linear Algebra Identities
Identity Comments Identity Comments
U+vs=v+u HEH XY wetEE aU V) = (au) v=u-(av) |HIEO W™ AZet & Z8#E
U—v=u+t (v I E| A VAW S UVEUW B E| CIMI/8MIDE LIS 2L A
(U+V)+W = U+(V+W) I E| CIM SR % uxu=20 Bl E| X}AIO| QA (cross product)2 0
a(Bu)=(ap)u Azet-Hy S 2 A uxv=-(vxu) HIE O QX2 HtmStHA| (anti-
OL(U + V) = au + oV i.;EI‘E-l"H—.u E_I _E_HHEE! Commutative)

(@ +Bu =au + Bu

o] = eV

2ZEO| &

V=0

Jul” +{" = o+

HIE{ o] 3 7|= ¥4 (nonnegative)
oletn2|eF Al (Pythagorean theorem)

Jull + ] 2 Ju+v]

HIE CIM AZEH X (Triangle rule)

u-v=v-u LH = (dot product) m=tH Al
M[|=+V-v Lf = (dot product)2 0|23+ HIE{S| 37| HO|

uxv=(-u)x(-v) #HE Ol M2 Zt #E o Hof Xt ZCt
ou x V) = (au) X v = ux (av) MIE{O| Xt AZdEl & A HA
ux (v+w) = (uxv) + (uxw) | & HEQ| gD CHE HE LS| QF 2
2oHNE He
“(uxv) =0 Dot product of any vector with cross

product of that vector & another vector is
0




Geometric Objects

o Line
m 2 points
o Plane
= 3 points
o 3D objects
m Defined by a set of triangles

= Simple convex flat polygons
= hollow

Lines

O 75”_1 (Iine)% 7§II‘||- E.|o| EIA-II (= = x—|o| HHHA1I)0||:|.

o &40l o7 H== @Al (parametric form): P(a) = Py + av
= Po= 229 H, v Y2l HH

0
« D7) B4 0B BFEO RN H4 o] HES0| A

P=Q+av=Q+aR-Q =aR + (1 -a)Q

OoP=ooR+a,Qwhereo; +a,=1

Pl@) =Q +av
=Q+aR-Q=aR+(1-a)Q

Lines, Rays, Line Segments

(ine)e sroz 2eke A

(line segment)= & A (two endpoints) AtO|Q| M
ZZUO0ICH 0 <=a <=1

o I:II-A|-A-| (ray)= St MO ZHE ot disto 2 B38| 2

a
a

PArx 1A
\‘HII rx

0

0
a

- O O —

a>=0

o &M (line)2| HOl:
p(a) = pp + ad (parametric)
y = mx + b (explicit)
ax + by = d (implicit)
pen = d

Convexity

= 25 Lo Yolo| & XS
M 910 01 elojol Ho| 2 Lol Sk

|

convex not convex




Affine Sums

Convex Hull

o ZA#A H(convex hull)o|2t ME9| &gt PP,,...P 2
Z3sHe 7HE &2 28 Mol

0 FOX HEE H4 ZF (‘shrink wrapping”)gte 2
O-Iil:'-
C o= *

|0

o N7§Q| & PyP,....P, Of 28} Holx|= 2K S
EZotE S ot ot g2

o =7k Q1 Mgt o;>=0, i=1,2, .,n5}0f| A
n7fel ™| OffE 2ol 2o|5tof BHEOZl HE2l g2
ZAHIA S (convex hul/)O|2t0 & EIC}

ME2 EoHe UG =0

Linear/Affine Combination of Vectors

Convex Combination

B o] M XS (linear combination of m vectors)
m7ie| e vy, v, .. vy,

a

W = aqVy + 0V, + .. OV, Where ay, a, .. o, are scalars
Of SE{o| MHZELO| AUB} ZHS oy 0 - 0y ©
0| 10|™ ojmtQl =3t(affine combination)O| =ILC}.

o +to,+.to,=1

(m}
m 08 » u JE

o FZ7HEQI M & o> =
OfEl gtojl 2|3tof BHEO{ T
(convex hulhO|2t 2 2IC}

o kA, ofefe| =H S
71l A (convex)O| C}.

o +tay,+. . +o,=1

and

o, 2 0fori=12, . m

o = 01 1 AfO[of Z=XY

o Convexity
= Convex hull




Plane

a

BOS D4y HMS SYORN FoF 4+ AUt
3™ P, Q RO| QACt 7HHS}AT. R

Pl QE A= M (line segment PQ)
m S(@) =aP + (1-a)Q

Plane

o StLEe| H (point) Polt = 7Ho| HRSHX| gb= #E (two
nonparallel vectors) u, vOf| 2|8} Z™HE|= HHO| Al
m T(a, B) = Py + au + Pv
= P-Py=oau+pv Pz EHO o )

o 5t R A= HE (line segment SR) o u ve| QX ng O|85tH HHo| HgAl2 Ct3 1t Zo.

= T(B) =pS + (1 -BR (o, B) = n <P -Py) =0 (wheren =uxvand n is a normal vector)
0 P, Q RO oJ8f 27 &= BH (plane),

= T(o, B) = BoP + (1 - w)Q + (1 - BR ()

=P+pBl-a)Q-P) +(1-PR-P
= 0< a, B<1Ql T(o, 2] RE H P, Q RO 8} HHElE 42y
LHofl 9| x| st

Plane Relationship between Point and Plane

a

HWH2 SLEe| M HIE (normal vector) nif EH AlQ|
H p 2 #HECL
= Plane (n, d) where n (a, b, ¢)
max+by+cz+d=0
mnep+d=0

d = -nep

HH 22 E poll CH3H, ne(p - py) =0
Orof To1o| WA HE| nO| £re| 20|23, nep + d2
YOO H p7tX|el B2 & 7HE 7H B2 AE| (the
shortest signed distance)E& 2 &= ULt d = -nep

o pat M (n, d)o| S+ 24

ot nep + d = 02kBI, pi= HRI0| QUCt.

o nep + d > 024B, pi HRIO| HEZZ0) ULt
of nep + d < 0218, pi= WRIO| OHZof ULt

r|ero

T

O
|
|
|

ra




Plane Normalization

o HHO| M3l (normalization)
= Mo HA BIE (norma)E M7}
= Y #MEQ] ZO7F ¥ dOf FFE F7| WE20, d= FA| st

o)

Computing a Normal from 3 Points in
Plane

22| 88 Ar=o|M ©HE otk

Zo| 29 MMHIE (normal)= 271Q| two non-collinear edges&
A AFSECE (assuming that no two adjacent edges will be

collinear)

» 2|1, QA (cross product)g 73t = H2f(normalize) SHLF.

o&2
[ |

void computeNormal(vector P1, vector P2, vector P3)
{
vector u, v, n, y(0, 1, 0); n P1
u=P3-P2
v = P1-P2;
n = cross(u, v);
if (n.length()==0)
return y;

else

P3

return n.normalize();

Computing a Distance from Point to
Plane

HOHo| B M HlIE|(normal vector)7} n 0|1, D= ™ Ato| & A
Pet ® Qtel AHg|
W=Q-P=[X—XVY,~Y,2,—2] Q Kooz
Inew n %a,b,%
In]
_[alx =x) +b(ys —y) +c(z, - 2)| (xy.2)
Ja? +b? +¢?
_ax, +by, +cz,+d
Va2 +b? +¢?

Closest Point on the Plane

o =27H0]| ShLbel A QoA ZHE 74t T (n, d)Ato] A
PE Tt
= p=q-n (k= H QOlA plane1tQ| the shortest signed

distance)
= nO| EFRIHIE (unit vector)?l A<, Q (Xo.YoiZo)
k=neq +d n[abCJk/szHm
p =qg-(neg + d)n | J
P (x4 2)




Intersection of Ray and Plane

oM (ray) p(d = p, + u & X (plane) pen +d = 0 p,
Pé"ﬁ/“ qul _|7t|'7('| nla,b,c] u
(po+tu)-n+d =0

tu-n=-d-p,-n

el

p(x.y,z)
u-n /
o OteF Z-M 0| WH I WIHSICHH, denominator uen=0
(2t A EJAJS YO} DXSHR] =Lt
o 2er 130 WP [0, ol X oR B2 WA

1

t

I.

Matrix

|
i
o
=
N
o
>
N
o
9&
IﬂJ
Fl
N
rOl'
Hr
Ral
=
ne
mjo
0%
|1
<

)|
cral
= Jt2E HjEE Wy
W EEE R
= Mijs 8o & jofl

M4 myp m
M = My Moy } rn2) rows
M3y M3y M3

a2) columns

Matrix
2x5 4x3
matriX matrix
2 4 7 75 8 4 0 12
3 /4 3% 0 1 -5 4 3
12 3% -1
my,= -4
1/2 18 0
my i MO 8 ot &
e e

my,= 18

Square Matrix

Nondiagonal
elements

Diagona/

onxn&dHZ n X} HESHE (square matrlx E‘? ofl:f e.g.
2X2, 3x3, 4x4

o Diagonal elements vs. Non-diagonal elements




Identity Matrix

1 0 0
I = 0 1 0
0 0 1
oD 2dsHE =22 HHRME (Identity Matrix)2 I EE= [, 2
HA|BHCF.
o & OiZ44d0| M8 10[4, LIHA| faE 05 ¢22 de
nx nZLdAZ0|C
oMI=IM=M

Vectors as Matrices

" L WS W HE (EE W WHOLE £3)
- WS B UE (T F WUO|AE HE)
a
A = asq A= { aqq ap a3 }
a3

Transpose Matrix

O M (rxc matrix)2| ™ X|& H(Transpose of M)2 M’ 2
HA|SHH cxr matrix 2 BH2H=ICH
m M7}j = Mji
= (MNT = M
m DT = D for any diagonal matrix D.

a m ¢ a d g
d e f = m e h
g 1 C 1

Transposing Matrix

T
1 4 7 10
2 5 8 11 _
3 6 9 12
T
X
y -

2 3
5 6
8 9
11 12
y z




Matrix Scalar Multiplication

o 3ol AZat & (Multiplying a matrix M with a scalar
o =

o M)
my, my; mq; - | amy; om;; omy,
oM = o] my my, My amy; Oy  OMyg
mg mg3 mg3 amy;  OMs;  OMgy

Two Matrices Addition

O Matrix C= A (r x ¢ matrix)@} B (r
r x ¢ matrixO|LC}.

X ¢ matrix)Q| HAMl

=

0 Zf | ¢y = A9l ij™ @2t BOJ i fl0| BO|C.

1+3

= 16 4 4
12 -2 6
rxc

Two Matrices Multiplication

o Matrix C= A (rxn matrix)@} B (nxc matrix)@| & rxcO|LC}.

o Z A4 ¢ = A9 ith row?t BOJ jth column@| vector dot
productO|LC}.

o n
Cj = ;aikbkj 3+18+48

31 7 1 (9] 35 52
* 6 4 9 = -10 115 -10
8 9 4 70 38 75
nxc rxc
‘[ t must match t t  columns in result 1

rows in result

Multiplying Two Matrices

€ €2 G3 Cia G5 a;; ap
Co1 Cpp Co3 Cs |
C31 C3p C33 [C3y C3p Az; Az
Cq1 Cap C4g Cyg Cyg5 dyy Ay

Coq = A31My, + aMy,

my; My Myz Mgy Myg

my; My, My [y My




Matrix Operation

Matrix Determinant

oM =IM=M (= CH|a
OA+B=B+A: A-AH QM| netHyZ
DOA+B+C)=(A+B)+C: -3 Mol Aot %
O AB #BA : HE-AE S| ustHA 2 JE X ¥=C
o (AB)C = A(BC) : dE-dH F2f %Z*E*'

o ABCDEF = (((AB)C)D)E)F = A(((

0 a(AB) = (0A)B = A(aB) : AZEl-HE &

O a(fA) = (ap)A: 2HE-AE &

o (vA)B = v (AB)

o (AB)T = BT AT

0 (MMM .o M, MDT = MTM, T MTM,TM, T

—

SHHAIO| ZF (The determinant of a square matrix
M) [M| 22 “det M" 22 HA|E=IC}
o Non-square matrix2| determinant = MO|&|X| &=L

O

M| =|my; my,| =my;my,-my,my

my; My

M|

mpml = my; (M, My; - My; Myy)+
My 3

my; (My; My, - My, Mgg)+

my5 (My; My, - My, My;)

Inverse Matrix

Cofactor of a Square Matrix
& Computing Determinant using Cofactor

o gl M (square matrix)2| Sl H(Inverse of M)2
1

o= HA|PCH
oMo adjM
M|
o (M1)1 =M

o M(M1) = MIM =1
O The determinant of a non-singular matrix (i.e, invertible)
is nonzero.
O The agjoint (=8t &) of M, denoted “adj M"2 O 21kt
S o] MX|HEH (The transpose of the matrix of
cofactors) ) T
adiM = |cj; ¢pp ¢y
Cy Cx;p Cp3

C31 Ca2 Ca3

0 O QIX} (Cofactor of M) HHHE M| idin} jES
M35 otE _+_%L*EE4(M|nor of I M)QI HEA (the
signed determinant)

0 ¢y = (17| MO |

o D E-| cofactor) AFE3SE n x n determinant A| At

‘M‘_Zmucu Zmu( )™M {”}‘

IM| = mn my, m13 my, | = INgy | My My IMyy
my; Mp; IMp3 1My mg, Mgz Mgy
mz; Mz Mgz Mgy my; my; MMy,
my; My IMyz My, -my, [M¥]

+my, M

= m14 | M{14} |




Minor of a Matrix

o0 AYY (Minons HYH Mo| isnt j2S K| st
OHE SR MU

Determinant, Cofactor, Inverse Matrix

M = (mll m12 ]
21
det M = m11m22 m12m21

My,
c :(
m, My

adjM =( 22 j
—my, m,

|V|_1= 1 m,, —my,
detM {(-m,, m,

Determinant, Cofactor, Inverse Matrix

m, m, My
M={m, my, my
My My Mgy
detM = m11(m22m33 - mzamsz)
—Mmy, (m21m33 - m23m31)
+ m13(m21m32 - m22m31)
(mzzmza - mzamaz) - (m21m33 - m23m31) (mumsz - m22m31)
C=|- (m12m33 - m13m32) (m11m33 - m13m31) - (m11m32 - m21m31)
(m12m23 - m22ml3) - (mllmZS - m13m21) (mumzz - m12m21)
(m22m33 - mzsmzz) - (m12m33 - m13m32) (m12m23 - m22m13)
adj M=|- (m21m33 - m23m31) (mnmss - m13m31) - (m11m23 - m13m21)
(m21m32 - m22m3l) - (m11m32 - lemSl) (mnmzz - m12m21)
4 adiM
~ detM

Multiplying a Vector and a Matrix

(x vy z)[p Py P.
% 9 9%

I r iy

X y z

(XPX tyaytzr,  Xpytyqytzr, Xp, +Yqz+2rz>

Xp + yq + zr

o HE-s2EHo| 32 0|2810] XEA B3 (coordinate
space transformatlon)E mog = QAL
OuM =v: sl MO| HIE uE HIf v H3l




Multiplying a Vector and a Matrix

(X y Z] mp; my; Myy
My, My, Myps

my; Mz My
= an tymytzmg  Xmypp tymytzmg,  Xmygtymytz m@
my; Myy Myl x Xmyy +y my,+zmy;

My My, Myl y X My Ty Myy+2 Mg

my; Mgz, Mgzl 7z X Mgy Ty M3y +Z My




