Geometric Objects -
Spaces and Matrix

Spaces

o HE S7t (Vector space)
n 2

Aot ZH2 AZER} (scalars)@f HIE (vectors)E

m Scalars: a, B, &
= Vectors: u, v, w
o O{L}Ql &7t (Affine space)
= HIE{Z 70| M (points)0| FI}EICE
= Points: P Q R

JHX| 2 Qlct.

321190 .
20141 2at7| SZ2|E F7t (Euclidean space)
4/3/2014 = 2| 7§ (Concept of distance)O| 2=7}=IC}.
sg Ll
Scalars, Points, Vectors Scalars
O 3 basic types needed to describe the geometric objects O CiAl ZMO|| CHSIO] mBHH X, ZASHH X HHiH Xl A 2
and their relations s a+B=P+a
o Scalars: o, B, 6 mo-p=B-a
o Points: P, Q, R o+ Bry)=(a+P)+y
o Vectors: u, v, w =By =(a-p)y
o B+y)=(oB)+ (a7
O Vector space
CiM SHEQ M SHES
= scalars & vectors o J4d S @ (identity) 01 5 2SS 1

o Affine space
m Extension of the vector space that includes a point

ma+0=0+a =a
moa-l=1la=a

o TAMO| H(inverse)lt 4o
ma+(-a)=0

12

mo-al=1




Vectors

o Bl = 3 7|(magnitude =& length)2} BtSF (direction)
= 7FX| 2 UL}

Points

o & (points)2 S0 M2l 2| X|(position)2 Z =L}
o Mt HE{QFo| AlAt

0 % & (velocity)Lt #l(force)Tt 22 22|22 HE o|Ct, + - M (point-point subtraction) #/E|S QHEC
o AFHIEA0M 20|z Hekd & (directed line = H-#iE CM (point-vector addition)S &g OHEC}
segments)2 S E O|LC}.
o HE= S0 Lo 27 E f|X|(position)E X[ =L
° v=P-Q
\%
P=Q+v
Q
Specifying Vectors Examples of 2D vectors
o 2D Vector: (%, y) +Y
o 3D Vector: (%, y, 2)
ector [3, 0]
‘ector [2, 1]
+y / Pt
+y Vectori[=1,44] /
Vector [3, 0]
-X +X
— +X (Or 0: O (1’ _3l _4) ector [2, -5]
+X Vector 72} vector 10, =]
ectar [2,1-3] \
2D Vector *z Point (2, -5)
3D Vector v

™ 00, 0, 0)0f| M A P(1, -3, -4 2 &St




Vector Operations

O zero vector

O vector negation

O vector/scalar multiply

O add & subtract two vectors
O vector magnitude (length)
o normalized vector
o distance formula
m]

vector product
= dot product
m cross product

The Zero Vector

o 3XI2 GHIE (zero vector)&= (0, 0, 0)
0f
A7]| (zero magnitude)&

= Y-S 7HX[D AKX L (no

Negating a Vector

o 2= YH ve SFHE -vE 7HX| 2 ULk v + (-v) =0

o 559
-(ay, ay ay ..., a,) = (-ay, -ay -a3, .., -a,)
o 2D, 3D, 4D HlE 9| Z==(negation)
- y)=(x -)

Xy 2=(x -y -2
Xy zw=(x -y -z -W

@35 -1)
2 2 ©.3)

% %—5, 1)
(-2, -2) ©, -3)

Vector-Scalar Multiplication

o9y AL 5
a* Xy 2)=(ax ay, a2)
o HE AZef L+7|
YVa*(x y 2)= (Wa, y/o, 2/0)
o Of A
2* (4,5 6)= (8 10, 12)
Y2 *(4,5,6) = (2,25, 3)
-3*(-5,0,04) = (15,0, -1.2)
Su+v=0C3u+v

v 2v 0.5v




Vector Addition and Subtraction

o HE G 87| (Addition)

n =0/HZAR2l (head-to-tail axiom)2 2 9|

Vector Addition and Subtraction

o H(Point) P o M FE(Point) Q 2| B E| (Displacement
vector)= q - p 2 HAtEICE

=+/25+16+49

(X1, Yo Z1) + (X Yo Zp) = (X +Xg, Y1+Yo Z1+2Z5) Ty

U+v=v+u
o HE| i ~| (Subtraction) AN

(X1, Yo Z1) = (X Yo Z3) = (X9=Xp Y17Y2r Z17Z5) b }1/‘ ?

u-v=-(v-u i - \

u+v \/ =X \\\\&/ +X
v-u
u-v a
-y
Vector Magnitude (Length) Vector Magnitude
o BB 9| 37| (magnitude or length): +y
Examples: ||V|| = \/Vf FVI VeV
YT ecer 5.3 M =+, |
15,-4,7)| = /52 + (-4)* + 7 V] oy

W = o7,
x = o,

-y




Normalized Vectors

o #E ol A7|0f & 2tGl0| #E o]

dsiobg We 2 g M7t QUCH

o CHQIEIE] (Unit vector)= HiIE{ Q|
37| (magnitude)7t 10|LC},

o CHRIHIE| o] C}E 0|22 normalized
vectors £ normalo|2tn 2E2C}

o HE9| H3t ("Normalizing” a

vector):
Vv

v =— V0

norm H

Distance

o5& &P Qe
72|(distance)= L1 Z0]
A LHEICE
= HE p
= #HE g
= HeMIE d=qg-p
= HIE do Z0/E A}
= distance(P, Q) = dl=1qg-pl

Vector Dot Product

o 5 HE{Zto| L& (Dot product): u v
(Ug, Uy Uz, oo Up) (Vg Vo, V3, e V) =
UjVy+ UyVy+
or n

u-v=>uy,

i=
u-u=[uf

o O A:
4,6) (-3,7) =4*-3 + 67 = 30

-t un—lvn—1+ unvn

(3,-2,7)-(0,4,-1) =30 + -2*4 + 7*-1 = -15

Vector Dot Product

O = HE7ZIO| LYMS HE 37| HS
Zt= 0| A A}QI(cosine)O|LCt.

u-v=||u||||v||cose

acos(

ERA 1=

D

¢ =acos(u-v), where u,v are unit vectors




Dot Product as Measurement of Angle

o Ct=2

rlo

LiH el 585 Selet Aotk

b, a-b, >0 when 0" <8 <90’

b, @-b, =0 when 8 =90°

b, a-b, <0 when 90" <6 <180’

Projecting One Vector onto Another

o & 7ie ME, w, v7} FOX|H, 1 & oStLte| HE wi CHE
HE vo| Aot 21 Audts ELE L= = UL
W = Wpar + Wper
W =av + U

ue vOf| 2l WsHOoF StE 2, uev =0

Wev=(av+UeVv=aveVv+Uuev=oqovey NV=a+U

gV
R Y
o ;
U=W—V=W———V=W——V v
vvoi v o

..................
...........

...........

Projecting One Vector onto Another

If v is a unit vector, W=V +U
then ] -1

..............

Vector Cross Product

o HE 9| Q™ (Cross product): u x v
(X1 Y1 Z1) X (X2 Yo Z) = (Y125 - Z1Yo

21Xy = XiZy,
X1Y2 = Y1%3)
o O &: N
(1, 3, -4) x (2, -5, 8) = ( 3*8 — (-4)*(-5),
(-4)*2 — 1*8,
1*(_5) — 3% ) uxyv
= (4, -16, -11) "




Vector Cross Product

o 5 BIE Zto] QIF (uxv)Q A7|= 2zt HIE{Q| F7|et F
H

2|
HE 7k 2= Of AtQl(sine)2| & O|Lt. L

Ju>xvi|=[ufliv|sin &

o HAHALHY (parallogram)2| &

Vector Cross Product

(area)% bhE Al AH=IC

o2& IEAGME BHE u v7ZF Al A B3 (clockwise
tun2z AU M uxve L8 Sdts WS

o X
=
o=
[ u
=5

72| ZICt.

42| 7|30, HEA| A gt (counterclockwise turn) @ 2
Ao 0f, ux vt R[22 H HOX|= &S 727t
= ZEEA M= E u vZt BAA e s 24
x ve $L|E ot WS 7hel7|a, *lﬁl%*%*gi
2 uxve FEEFH HOoX|= 2
7
L

= bh lCIockWise turn
a =b(asin 4) a b Counterclockwise turn’,
h b a
= |la|(||p|{sin & .
0 ” “” “ Left-handed Coordinates Right-handed Coordinates
° = flax b
Linear Algebra Identities Linear Algebra Identities
Identity Comments Identity Comments
U+V=Vv+u HIE| CiAMl mShe K| au-v) = (o) v=u-(av) |HEO HD AZtat & ZATHH A
U—V=u+ (V) G| U-(V+W)=u-v+u-w SIE S/ WA 2R
(U+V)+wW = u+(v+w) BIE S AoHHA uxu=20 BIE| X}AIQ| Q& (cross product)2 0
a(Bu)=(ap)u AZe-HE S et uxv=-(vxu) #HEQ| QA2 Htul2HH A (anti-
a(u + V) = au + av A Zba}-HiIE| S HY ] commutative)
(@ +B)u =au + Bu uxv = (-u)x(-v) B QK2 Zt Mo of <X ZTt
ewv]| = |||V AzZtglo| & ofu X V) = (au) X v = ux (av) HIEQ| Xt AZtal & AT HA
v|=0 HIE{O] 37|= 24 (nonnegative) ux (v+w) = (uxv) + (uxw) |5 SHE{S| B CHE HEtO] 2|2
2 2 2 — =] |:|H I:HII 0 A-i EI

Jul”+ v = u+v] m|Et D 2|9 B%| (Pythagorean theorem) _

> HIE| CIA AFZFH Al (Trianale rul u (uxv)=0 Dot product of any vector with cross
Jull+ [v][= [u+v] HE Rd A EA (riangle rule) product of that vector & another vector is
u-v=v-u LH & (dot product) =t Al 0
M[|=+Vv-v Lf = (dot product)E 0|23+ HIE{9| 27| HO|




Geometric Objects

o Line
® 2 points
o Plane
= 3 points
o 3D objects
m Defined by a set of triangles

= Simple convex flat polygons
= hollow

Lines

o XM (line)Q M1} HIE{o| CiAMl (E= = X o| i M)o|C},
o MOl o7 H == Al (parametric form): P(a) = Py + av

" Py Qo o| A ve Qlo|o| HIF

= Oj7f B oE HEL22ZMN XM 20 H=0| 48
ov=R-Q

P=Q+av=Q+aR-Q) =aR +(1-a)Q

oP=oR+aQwherea; +a,=1

Pla) =Q + av
=Q+aR-Q=aR+(1-a)Q

Lines, Rays, Line Segments

o M (ine)2 YO R Beks| ALt
o M& (line segme nt)= 5 & (two endpoints) AtO|2| M
Z2ZO0ICH 0 <=a <=1
o FARM (ray)= a* He=2RH ot d¥2= Fots| ALt
a>=0 a=1
| I_!A‘| (||ne)0| ~ Ol f
p(a) = py + ad (parametric) P
y = mx + b (explicit) a=0

ax + by = d (implicit)
pen = d

& \
N
9/ n: normal
ance

Convexity

A€t M= fl0 =¢ ‘?:. o|9| 7HO| 7”X1I I-H | U

|

convex not convex




Affine Sums

Convex Hull

o AMA H(convex hull)ol2t =9 &g PyP,,....P.2
Zotst= Tt A2 =25 M o|ot

o FHX B2 =2 EH (“shrink wrapping”) &t 2
oA=L}
| s .

O
Z
-
10
ox
S
2
5
S
5
>
=2
10
el
oz
1o
mn
rr
N
=t
mjn

o F7HH 0l Mgt o;>=0, i=1,2, ..nS}0j| A
n7fe| Fof OfE otofl 2|5t0] BHEOI T =2 Hg2
ZAHIA A (convex hul)O|2}D = 2IC}.

MES matste 742 3H0Ist & 9Ir}

=

Linear/Affine Combination of Vectors

Convex Combination

o HIE{9] MAZXT} (linear combination of m vectors)
= mZfe| HE vy, v, vy,

B W= oV + 0V, F o OV, Where ag, o, .. o, are scalars
Orof HiE|O] MHZPIO| AL S ay ay - oy O
O| 10|™ oL@l Z=3t(affine combination)O| &l LC}.

o +a,+ . +o,=1

- |-

-
o
=]
u

o FZ7HHQ S F o;>=0, =12, .m3lo M m7je| o

o 2kA, ofefel z=
718l A (convex)O| Ct.
o +tay,+. . +to,=1
and
o; 2 0fori=12, . m
o = 01} 1 ALOJOf| Z=XY
o Convexity
m Convex hull




Plane

Plane

HEle o4y HM2 sEsoRN Holg 4 T
o 38 P, Q RO| Tt 7HESEAL R
o Pt QE Q= ME& (line segment PQ)

B S(o) =aP + (1 -a)Q
o Set RZ Q= M& (line segment SR)
« T() = BS + (1- PR (@ P)

b

a

o P, Q ROj /8 ZHE|E BE (plane),
« Tlo, B) = BlaP + (L - @)Q) + (1 - PR S(a1)
=P+ Bl-o)Q-P)+ (1L-PR-P)
= 0< a, <19l Tlo, P2l 2E HE P, Q RO| e} Szl A2
Lol ¢/ xIgkct.

ari

o StLEe| H (point) Pyt & 7Ho| HRlSHA| Gi= HIE (two
nonparallel vectors) u, vOf| 2|8l Z™HE|= HHO| Al
m T(o, B) = Py + au + Bv
= P-Py=ou+ Bv (P= OOl St A

o u, vol ©/% ng 08510 BRIl MHYAS Chgat 2t
m neP-Py =0 (where n = uxvand n is a normal vector)

Plane

Relationship between Point and Plane

0 H2 StLto| M HE (normal vector) nif EHH A 9|
—

H poz EHEICL
= Plane (n, d) where n (a, b, ¢)

max+by+cz+d=0

Enep+d=0
d = -nop
o EH 22 & poj Chdh, ne(p - po) =0
o BOf RO WA HE| no| Bkl ZO|2t], nep + d2

o]
BHOAM E p7tX|e] 2= & 718 7t &2 72| (the
shortest signed distance)E &= &= QULCk d = -nep

o™ pat BH (n, d)o| 37+ A
= BHOF nep + d = 021T, p= B0 ULk
m OO nep + d > 02tH, p= T HIZZ 0| ALK
= DO nep + d < 02t pi= TR O| QHZ0f YLk,




Plane Normalization

Computing a Normal from 3 Points in
Plane

o HHO| M3} (normalization)
= HOo| #A BIE| (normal)2 M3}

« 4 HEfo] 207t &4 dofl YEE X7 H20l, d= A Hrgt

o)

2[22 §8 MHroM oS F5tkat

Eg| 29| MM (normal)& 2719 two non-collinear edges&
Al AFSECE (assuming that no two adjacent edges will be
collinear)

» 2|1, Q& (cross product)E T+t & ™t3Hnormalize) Lt

m}

u M

void computeNormal(vector P1, vector P2, vector P3)

{

vector u, v, n, y(0, 1, 0); n P1
u=P3-P2
v = P1 - P2;
n = cross(u, v);
if (n.length()==0)
return y;
else p3

return n.normalize();

Computing a Distance from Point to
Plane

Closest Point on the Plane

o SZtof] of B (n, d)af W gtof ot E Qut 7+ 7t
HE|E Fotet
m MOHO| B M HiIE(normal vector)?t n 0|11, D= HH Ao 5t H
Po ® QZtel AHg|
w=Q-P :[Xo =X Yo=Y 2y -1] Q (XoYoZo)
|n0W| n [a,b,c]W

)
ol %
(xy.2)

_ |a(x0 _X)+b(YO B Y)"'C(Zo _Z)|
Va2 +b? +c?

_ax, +by, +cz,+d

© Jat+biec?

o 27| StLtel M QUM ZHA 747 T (n, d)Ato| A

PE otat
mp=g-in (k= & QO|AM planelto] the shortest signed

distance)
= nO| CHR{HE{(unit vector)?l Z2, Q (X0.Y0.Zo)
k=neq+d n[abc]kﬁqu+kn
p=qg-(n.q +dn | J
P (x4 2)




Intersection of Ray and Plane

o0& (ray) p(d = po + tu & EE (plane) pen + d = 0 p,
oZM/HOHo| WXHA:

o nla,b,c] u
(po+tu)-n+d =0
tu-n=-d-p,-n POXY.2) o
t= — (po N+ d)
u-n / '

Matrix
o Ch21F 20| AP*% SENZ H7|8t =X HIES - M
iy

= V22 HAE o
W EER R
= Mijs i o g jof

e . mqq myp m
o PreF A MOo| WHI} WA SICHH, denominator uen=0
N J_'é““d e @O} MA}SHK| =L} M = My My } n2) rows
0 BHOF £ Z40] 2| [0, co)LHOY| QUK B2, M2 HRD} Mo T T
W AHSHX | =Lt Y’
O p(—(p0 n+d)):po+—(po n+d)u a2) columns
u-n u-n
Matrix Square Matrix
2x5 4x3
matrix matrix M = Nondiagonal
2 4 7 7s 8 4 0 12 B elements
M3q
12 3/ -1 onxndBEZ n Xt M A (square matrlx EGF of[:f e.g.
my,= -4 2X2, 3x3, 4x4
1/2 18 0 o Diagonal elements vs. Non-diagonal elements
my = MBE| 8 9 I
B

my,= 18




Identity Matrix

1 0]
I = 0 1 0]
0 0 1
oOdsHE =2 CHAHEH (Identity Matrix)2 I EE= [ 2
FA|SIC}.
o 7 CfZ40| ME 10|3, LIOIK| fak 02 OB Ze
nxn@%%amq
oMI=IM=M

Vectors as Matrices

O n-dimension HIE{= Ixn & F= nx]l HHEZ S
£ %%OIEPIE 23
dHogtne £E)

A = Ay A= { aqq ao a3 J

Transpose Matrix

O M (rxc matrix)2| M X|& H(Transpose of M)2 M’ 2
HA|SHH cxr matrix 2 B 3HEICH
n M7}j = M;i
= (M = M
m DT = D for any diagonal matrix D.

a m c|’ a d g
d e f = 'm e h
g 1 C 1

Transposing Matrix

=
1 4 7 10 12 3
25811_456
3 6 9 12| |7 8 9
0 11 12
r
X
y=xyz
Z




Matrix Scalar Multiplication

M)

my, my; mq3 - | amy; oamp; oMy,
aM = o my, My, My3 amy;  OMy Gy

mg; M3 Mgy amg;  OMsz3 Mg,

Two Matrices Addition

o Matrix C= A (r x ¢ matrix)@} B (r
r x ¢ matrixO|LC}.

X ¢ matrix)Q| HAM

=

0 2§12 ¢y & A i 240t BO| i fiA0| Fo|Ct,

1+3

= 16 4 4
12 -2 6
rxc

Two Matrices Multiplication

o Matrix C= A (rxn matrix)@F B (nxc matrix)Q| & rxcO|LC}.

o Z A4 ¢ = A9 ith row?t BOJ jth column@| vector dot
productO|LC}.

[m} n
Cij = ;aikbkj 3+18+48

31 7 1 (69) 35 52
* 6 4 9 = -10 115 -10
8 9 4 700 38 75
nxc rxc
‘[ t must match t t  columns in result 1

rows in result

Multiplying Two Matrices

€ G2 G3 Cia G5 a;; ap
Ca1 Cp Co3 G5 |
C31 C3p C33 [C3g4 C35 az; Ay
Cq1 Cap C4g Cyg Cyg5 dq; Ay

Coq = a31My, + aMy,

my; My Myz Byl Myg

my; My, My [yl My




Matrix Operation

Matrix Determinant

oM =IM=M (= CH|a
DOA+B=B+A:83-4Y CiMO| mHHA
OA+(B+C)=(A+B)+C:TB-HY CiMoO| ASHAX]
0 AB #BA : S-S Zo| mBHA S M2

o (AB)C = A(BC) : HEH-AH F9 %Z*E’i.
o ABCDEF = ((((AB)C)D)E)F = A(

O o(AB) = (aA)B = A(aB) : AZet-HEH -Z.'-
O a(BA) = (ap)A : 2ZeEt-A ”34 =l

o (vA)B = v (AB)

o (AB)T = BT AT

0 (MMM .o M, SMDT = MTM, T MTM,TM,T

o YHAO ZF (The determinant of a square matrix
)2 M| %8 “det M" 2 = HA|E=IC}
o Non -square matrixQ| determinant = Ho|k|X| %=L

IM| =|my; my,| =mymy,-m;,my

my; My

M|

] [ g = m (g M - gy M)
‘
il =

my; (My; My, - My, Mgz)+

my; (My; My - My, My;)

Inverse Matrix

Cofactor of a Square Matrix
& Computing Determinant using Cofactor

oX™ tg%”% (square matrix)2| Aall = (Inverse of M)
1

o (MYH)1l=M

o M(M1) = MM =1

O The determinant of a non-singular matrix (i.e, invertible)
is nonzero.

O The agjoint (=8t &) of M, denoted “adj M"2 O 21kt
sHHOo| MX| A (The transpose of the matrix of
cofactors) . T

adiM = |¢; ¢p g3
Cy Cxp Cp3

C31 Cap C33

O O] QIX} (Cofactor of M= HtlE MQ| idint j&
HAHSEH THE A (Minor of M)Q| S & Al (th
signed determinant)

o G = (-1)7| MU |

0 AME (cofacto)S ARESH n x n determinant 7|k

‘M‘_Zmucu Zmu( )™M {”}‘
IM| = mn my; m13 my, | = INgp | My my; My,
my; Mp; IMp3 IMyy ms; M3z Mgy
M3 Mgy Mgz Mgy my; mys My,
my; My ImMyz My, -my, [M¥]
+myy M

- m14 | M{14] |




Minor of a Matrix

0 AY (Minons Y MO| it j2S K| sto]
OHE SEsE MU

Determinant, Cofactor, Inverse Matrix

M :(mll lej
21
detM =m;m,, —m,,m,,

My
c :(
m, My

adjM :( 22 j
—my, m,,

Mfl: 1 My, —my,
detM {-m,, m,

Determinant, Cofactor, Inverse Matrix

m, m, Mg
M=|my my my
My My Mgy
detM = m11(m22m33 - m23m32)
—My, (m21m33 - m23m31)
+ ml3(m21m32 - m22m31)
(mzzmaa - mzamsz) - (m21m33 - m23m31) (m21m32 - m22m31)
C=|- (m12m33 - m13m32) (mllm33 - m13m31) - (mnmsz - m21m31)
(m12m23 - m22m13) - (mnmzs - m13m21) (mumzz - m12m21)

(mzzmaa - m23m32) - (m12m33 - ml3m32) (m12m23 - m22m13)

adjM =| - (m21m33 - m23m31) (mnmsa - m13m31) - (mnmzs - m13m21)
(m21m32 - m22m31) - (mnmaz - m21m31) (mnmzz - m12m21)
a_ adjM

detM

Multiplying a Vector and a Matrix

(x vy z)[p. Py P.
% 9 9%

r, r, 1,

(pr +yq.tzr,  xp,+yq,tzr, xp, +yqz+zrz>

= Xxp +yq + zr

o HE-s2Ho| 32 0|2810 XEA B3 (coordinate
space transformatlon) HEAHE 5= Ot
uM = v // &3 MO| HIEf ug HE vE2 B2t




Multiplying a Vector and a Matrix

0 OpenGL (Column-Major Order)Of| A{ = -2 = O]
v=M*u//dE MO| HIEf ug HEH vE2 B2t

a1
=




