Geometric Objects -

Spaces

o HE ZZt (Vector space)

: n Aot ZH2 AZIEL (scalars)2t HIE] (vectors)S 7HX| 2 RULE.
Spaces and Matrix = Scalars: a, B,
m Vectors: u, v, w
o O{IpQl 37t (Affine space)
» HEZZH0| H(points)O| F7tEICE,
= Points: P Q R
514780 .
2016 E3t7| o #22|E 37t (Euclidean space)
9/29/2016 = 72| 7§'8 (Concept of distance)O| F=7}EICt,
gl
Scalars, Points, Vectors Scalars
O 3 basic types needed to describe the geometric objects o G Ao EHOP@ MBHHE] ABHHK| LH{EH K] A2
and their relations o+ PP+
o Scalars: o, B, 6 ma-B=B a
o Points: P, Q R o+ Bry)=(a+P)+y
o Vectors: u, v, w "o (?B. 7) ? (a(. B)B.)y -
[ ] + v o + (o -y,
O Vector space oMl S ~
-w (=] oM StEQ
= scalars & vectors 0 XS 2es ._(|dent|ty) o & S2 1
. BEoa+0=0+0a =a
o Affine space _ _
. ) ) moa-1l=1Ta=a
m Extension of the vector space that includes a point o CiMO| %(inverse)dt EAl0|




Vectors

o HE= 37|(magnitude 22 length)2t &

= Z7HX[ 2 QALY

o &= (velocity)Lt E(force)it 22 &
| SEA

o AFHIAH AN M0l Sk
segments)2 #E{ O|C},

o HEHE S Lo 2FE ?|X[(position)

Points

(direction)

[lI|ﬂJ

H(points)= SZH0A 2] | X|(position)= Z=Lt.
o E_'f HE 2f2f At
= H-F ¥4 (point-point subtraction)2 HHE THECE
= H-4E 4 (point-vector addition)2 &2 BH=EC

LN,

v=P-Q

P=Q+v

Specifying Vectors

o 2D Vector: (x, y)
o 3D Vector: (%, Y, 2)

ty
ty

Ly oy (0,0,0

Examples of 2D vectors

2D Vector +z

3D Vector

2IH 00, 0, 0)OIlM & P(1, -3, 42

+Y

ector [3,:0]

ector [2,

Vector:[=1;+4} /

Vector: [3, 0]

+X

ectar [2, -5]

} Vector {0, =4]
Vector -2,

ector [2,i-3] \




Vector Operations

O zero vector

O vector negation

O vector/scalar multiply

O add & subtract two vectors
O vector magnitude (length)
O normalized vector

o distance formula

The Zero Vector

Kl FHE (zero vector)= (0, 0, 0)
|

direction).

i
O vector product

= dot product

m cross product
Negating a Vector Vector-Scalar Multiplication
o 25 HEH ve SFHE vE 7HX|2 YUChv + (-v) = 0 o HE AZEt &
o S4-HlE a*xy z2)=(ax ay, a2

_(a’ll aZI a3l ey an) = (_a1, _az, _a3, wery ‘an) D é! E‘I ﬁael-al' I_l'lj_—7|
o 2D, 3D, 4D #E{2] Z%=(negation) Va* (x y 2) = (Wa, y/a, 2/0)

0 )= (% o O

'(X,}//Z)z(')(/ -y, _a 2*(4, 5, 6)2(8,10,12)

-(X,}/, zZ W)= ('X, -y, -z _M N * (4, 5, 6) = (2, 25, 3)

-3*(-5,0, 04) = (15,0, -1.2)
(3,5 -1 B3u+v=0u+v
2 2) ©, 3)
% / 5 Voo os
-2,-2)  (0,-3) C




Vector Addition and Subtraction

Vector Addition and Subtraction

o #E §st7| (Addition)

s O HZAAE (head-to-tail axiom)2 2 HO|

o F(Point) P 0| A F(Point) Q 2 HHE (Displacement
vector)&= q - p 2 ALHEICE

X1 Yoo Z4) + (Ko Yo Zo) = (Xq+Xo, Yi+Yo Z4+2Z)) Y
U+vs=v+u
HH| i —_—
o HE 7| (Subtraction) e —
X1 Y Z1) = (Ko Yar Zo) = (XXa Y17Yar Z4725) Z }1 -
u-v=-v-u - (
u+vi i \\/ -X \q\\\&/ +X
V-u
u-v
v v a+b+c+d
u \" u Y,
-y
Vector Magnitude (Length) Vector Magnitude
o #E 2l 37| (magnitude or length): +y
Examples: ||v|| = \/vf FV AV Y
ector [3, 3] ”V”2 =ly 2 _'_‘ ‘2
_ e Il IR

=425+16+49
=90
=310

~ 9.4868

\eh 2 2 2
3 ||v|| =V, v,
-X +X L 2 2

o V= yv. +v,

-y




Normalized Vectors

o HE O 37/0] &2HEI0] HE Q|
Hiskote = Q2 st 7t QL.

Distance

o & P Qe
7{2|(distance)= CtS 1t 20|

o
L AEIC P
o SHRBIE] (Unit vector)= B E 9] A ';I‘E F .
37| (magnitude)”t 10|Ef. ) u::gj i P
o CHlHl E1°| Ct2 O|E2 normalized . ;;O|tﬂq|E-| - d=qg-p
tors L Pl2tD S2Ct IRy
o HEOl M3t ("Normalizing” a = distance(P, Q) = dl=1g-pl 9 \o
vector): 1 Q
A%
Vo= _H RVEN(
Vector Dot Product Vector Dot Product
o & #EZte| LX (Dot product): u v o & HEZto| LH = HEY 37| Hf22 7t7! HY 7t
UqVyt UpVot o + UV +ULVY,
or n u
=2 uy, u-v:HuHHchosﬁ 0
i=1
2 0= v
“u=h <GP
o O A:

(4,6) (-3,7) =4*-3 + 6*7 = 30
(3.-2,7)-(0,4,-1) =30 + -2*4 + 7*-1 = -15

0 =acos(u-v), where u,v are unit vectors




Dot Product as Measurement of Angle

Projecting One Vector onto Another

o+ 7fe MH, w, v7t FOX|H, 1 & oStLte| HEH ws CHE
| I

mn
<
=2
5]
o
o
0X

=1 Hudt= dE22 = L= 5 AUCL

par per
f =av +u
b, @by>0 when 0" <6 <90 ut vOl HBiOF SE2, uev =0
Wev=(av+Uev=avev+Uev=qovey LN=0v+uU
9 w-v
o=— u
b, a-bl =0 when 8 =90 vy T
w-v H w-y i 2]
U=W—QV=W———V=W——V | v
vev i M o
b, a-b, <0 when 90° <0 <180’ et
oAV =W—UuU=w—w-+ V= = 2V
AT
Projecting One Vector onto Another Vector Cross Product
. , HIE{O| Q| .
If v is a unit vector, e o o HEH9| X (Cross product): u x v
then ||v|| -1 (X1 Y1, Z4) x (X2 Yo Z5) = (Y425 - Z4Y2
! Z1X5 - XqZ,
X1Ys = YiXo)
................... 0 oV v [m} G"X'”
Wper === (W V)Y —— (1,3, -4) x (2, -5, 8) = ( 3*8 - (-4)*(-5),
N 1] coso (a2 - 1%,
War =@V =(W- V)V 1%(-5) = 3%2 ) uxv

= (4, -16, -11)




Vector Cross Product

o+ HE 219 oI (uxv)el 37| 4 HES| F7[et F
|

HIE{ ZH 2t 9| AQl(sine)2| & O] Ct. I

o BEAHY parallogramel F(area) bh2 ALECE
A = bh

o] = oV]sin @

Vector Cross Product

o A& IEANME HE u, vZF A|A EEE (clockwise
turn) 22 FEY M u x v 8 Tote LS
72| 7|2, BEA A EF (counterclockwise turn)OE

S o, uxv7f—?—E|§—'?'—E1 HOX|= geFs 7telZint

o REE "Hiﬁloilﬁ“ HE u, v EAAS o2 Y
M uxve F2|5 gots s 7FEI5’I_I AMAgEL =
SHY M uxve —?—EIE—'?'—H E”OMI._ des
Zt2| 71t

lCIockwise turn

b(asin 0)

la e f|sin €

la > ]|

a b

Left-handed Coordinates

Counterclockwise tgrnf

Right-handed Coordinates

Linear Algebra Identities

Linear Algebra Identities

Identity

Comments

u+v=v+u

IEErEEEE

|dentity

Comments

u—-v=u+(-v)

o E] W

a(u-v) =(au) v=u-(aw)

HIE{o| LW™f AZEf & 724'&!:‘2)3!

u-(v+w)=u-v+u-w

HE| /M Y 2

uxu=20

#IE] XtA9| QX (cross product)2 0

(U+V)+w = u+(v+w) HE S A EA
o(Bu)=(ap)u Azbah-HE S5 2R
alu + V) = au + av AZtE-sE FHiEH A

(0 +Blu =au + Bu

uxv=-vxu)

#HE{o] 9/ BtDEEA (anti-
commutative)

oo =lallM]

2zete §

1[0

#E 9| 37|&= ¥ (nonnegative)

o+ AP = e+ A7

et 2|9t BE| (Pythagorean theorem)

uxv=(-u)x(-v) BB Q| M2 Z} HE ol o QX f ZCt
a(u X V) = (au) X v =ux ()| HEQ| Xt AZtet 5 ATHHA
u X (v+w) = (uxv) + (uxw) | F HES| St CHE HE QO H 2

[ +]M 2 e ++]

#E S AZHRHA (Triangle rule)

Uu-v=v-u LH & (dot product) 2t %
M =+v-v Li & (dot product)= 0|83t HIE{o| 37| F9

u-(uxv)=0

Dot product of any vector with cross
product of that vector & another vector is
0




Geometric Objects

O Line
= 2 points
o Plane
= 3 points
o 3D objects
m Defined by a set of triangles

= Simple convex flat polygons
= hollow

M (line)2 ot MBS R (E= F ol wid)o|Ct.
Aol of 7 == A4l (parametric form): P(a) = P, + av
- Po L alo|9| x",vt 2lo|o| HIF

= O B 0B HET2EM 24 20 50| 44
ov=R-Q

P=Q+oav=Q+a(R-Q) =aR + (1 -a)Q
o P =ooR + a,Qwhere a; + a, =1

Pla) =Q +av
=Q+aR-Q =a R+ (1-a)Q

Lines, Rays, Line Segments

line)2 LYoz Fots| 2Lt

o 4 ( el

o {2 (line segmen )= £ A (two endpoints) AF0|2| A
ZZ0ICH 0 <= a <=1

o YA (ray) &= i HoRKE 3 Waoz B38| Zct
a>=0 "o=1

o ZM (line)2l ™Ql: .
p(a) = py + ad (parametric) P

y = mx + b (explicit)
ax + by = d (implicit)
pen = d

Convexity

N/

convex not convex




Affine Sums

Convex Huli
o 2 H(convex hul)0|2t HS2| Eet PyP,,....P 2
Zo5tE 7t 22 =25 Mol
o FOX MES A I (“shrink wrapping”) &2 2
ol r}
| iy .
- ;
3 - .
- .
[ ] [ ] L
.
a .
[ B L &
.
®

|0

o N7ie| & P, P,,...P, O 23l ‘o= AN
Eﬁ*OPEE ot= O &2

P:(x1P1+ (X,ZPZ ..... + anpn
(x1+ OL2+ ..... o=
- _7'<_7|.)EIIOI_| X-”'Q- ai> :O: i=1,2, ..,n'5|'01|*'|

nZie| Ho| OotE Ttofl 2|5t0f TS0 ME2o| g2
HHA A (convex hul)O|EtL & 2ICH
o ZEA HOo| (p,,P,,....P }01|*‘| MEQ Ms A4sl= 2 &

MEg mepste S SolY £ Q)

Linear/Affine Combination of Vectors

Convex Combination

n}
m7He| HH vy, v,, .. v,

W = a4V + 0Vs + ... OV, Where oy, a,, .. o, are scalars

oF HIE o] M oiXo+o| AZtet H s Oy, Oy, - Ol 9|
Ol 1 Olﬁ OmQl =gh(affine combination)O| =IC}.

o+ oy, +.+ta,=1

Eo| MY X% (linear combination of m vectors)
7

a
%10 s w JE

0 E7FHQ RS = o>

Off gtofl 25t BH=0{ 7l H Fot2 A o
(convex huljO|2t1 EEIC
o [2kA, ofgfiel =2 BHESHE HEHo| MYxe2

A A (convex)O| Lt
o +ay + . +o,=1
and
o, 2 0fori=1,2, . m
o, £ 01F 1 AtOJOf| E=XY
o Convexity
= Convex hull




Plane

Plane

WO2 i A2 BEsoRM HolE 4 9UC
3™ P, Q RO| QUCtL 7HESEAL, R
o PeF QE A= M2 (line segment PQ)

® S(a) = oP + (1 - OL)Q

o St RE2 A= M2 (line segment SR)

oo

= T(B) = BS + (1 - BIR (o, B)
o P, Q RO o8 A™E|l= TH ( (plane),
w T(o, B) = BaP + (1 - Q) + (1 - PR S() Q

=P+ p(1-a)Q-P) + (1-PR-P)
= 0< a, P19l T(o, p)2] BE L P, Q RO Ofe) YA = 42y
Lol ix|stt,

o StLES| E (point) P2t & 7HS| BASHA| Gi= HE (two
nonparallel vectors) u, vOfl 2|8 A &= EH
B T(o, B) = Py + au + Bv
® P-Py=oau+ v (PE RO 3+ H)

0 u vo| 9| nS 0|23l HOio| MM AIS ChS T} ZHC.

m neP-Py) =0 (wheren =uxvandn is anormal vector)

Plane

Relationship between Point and Plane

o H2 StLte| Yo #E (normal vector) nit H &0
H p, 22 #AHECL
= Plane (n, d) where n (a, b, c)

max+by+cz+d=0 I"ul
mnep+d=0 b %/,_,"
d = -Ne IIIlI B n [é‘{brc]

o BO 910 F po Tl ne(p - py) = \/
0}OF HHO| B A BIE| nO| CHY| 7'O|E|-'34 nep + dz

HHOM E ptX|2l B2 & 7t 7t B2 AE| (the
shortest signed distance)& €& &= UL d = -nep

a
O

o & pat B (n, d)2 S 2

2FSF nep + d = 02+, p= FHO| ACL

2t nep + d > 02HEH, p= EHO| HHZZO| AL
2HSf nep + d < 02+, p= FHO| AFH0f ACE

.-": )

= = o= 0A

7

Po

I"ﬁ, o
\ P n b

.-'r"




Plane Normalization

Computing a Normal from 3 Points in
Plane

o WAl 3t (normalization)
= Ul Y #H (normal)E Gzt
= HA HEOI ZO|7} H5= dof FE F7| R0, d= FA| Htat

(d)“”

o 2229 8 M=EoM M S otk

s E2[22o] HMHE (normal)= 27H2| two non-collinear edgesE
A AFSECE (assuming that no two adjacent edges will be
collinear)

= 12|32, |H (cross product)g 78t & Ht2Hnormalize) $HCt.

void computeNormal(vector P1, vector P2, vector P3)
{
vector u, v, n, y(0, 1, 0); n P1
u=P3-P2
v = P1-P2;
n = cross(u, v);
if (n.length()==0)
return y;

else

P3

return n.normalize();

Computing a Distance from Point to
Plane

Closest Point on the Plane

o 3240 o EH (n, d)at W ol o H Qut 7+ 7HitE
He|E F#5tet.
= HHO| E*.J H E (normal vector)7t n 0|1, p= BH Aol ot H
Pet & Q7tel 7‘| 2|
W=Q_P=[x0_xayo_yazo_z] Q (Xo.Y0Zo)
b e
|
atx, = x) +b(3, —y) +c(z, - 2)| (y.2)
Ja? +b? + ¢
_axy+by,+czy+d
Va2 +b2 +¢2

o SZtofl StLkel F QoA 7t Zhik2 BHE (n, ¥l F

= p=q- i (k& & QUM planeltl| the shortest signed
distance)
= nO| CHIH Ef(unit vector)?l B2, Q (XoYoZo)
k=neq+d n[abc]Aq=p+/m
p=0q-(nq+dn | J
P(xA 2)




Intersection of Ray and Plane

Matrix

o&M (ray) p(d = p, + u & BH (plane) pen +d = 0 p,
oM/ EHe| mXHE: nla,b,c] u
(p, +tu)-n+d=0

fu-n=-d-p,-n IS

p (X, yl Z)
_~(p, n+d)

t

o ChEah 20| AHY B2 B7[0h <X} Hi S

o
o
n
<Z

V22 HIEE dBS
= 22 HEE dBS
[e]]
AA

= Mije & it gjo

o PHef ZMo| I BAHSICHH, denominator uen=0 i T e
whaby S BED WASHA| Yt M= | g Q) rows
o 2HOF £ 2L0| 2| [0, o) L0l RUKX| ™, M2 HH My T2 T
WALSHK| Qf=CF, Y
o p(_(po.n.;.d) =p0+_(p0.n+d) C(Z) columns
u-n u-n
Matrix Square Matrix
2x5 4x3
matrix matrix M = Nondiagonal
2 4 7 73 8 4 0 12 B elements
M3y
3 /4 3 0 1 5 4 3 Diagonal
N N elemen
12 3% -1 onxndEZ n A GLHH (square matrix) 'OEfEf. e.qg.
m72= '4 2X2, 3)(3, 4X4
1/2 18 0 o Diagonal elements vs. Non-diagonal elements
m; = MBS A ;o E

i =
o|n
=

my,= 18




Identity Matrix

Vectors as Matrices

1 0 0 0 n-dimension HIEE Ixn & L= x1 HEE EH
= Ixn B2 W HEH (Es W dHo|2tn: £F)
I = 0 1 0 = nx1 WHEL G HE (5 F WHO|BAE BE)
0 0 1
o SHE 52 HRIAE (Identity Matrix)2 | £& 1,2 aiy
HAIGHEL. A = | ay A= { a1 412 913 J
o F C§ZHMO| HE 10|10, LIHX| AAL 02 ZoR 2He ;
nx ndYAHO|C} 7
oMI=IM=M
Transpose Matrix Transposing Matrix
o M (xc matrix) 2] Eﬂ%‘%granspose of M) MR &2 1 A ; 10 T 1 5 3
HAISIH cxr matrix 2 BHEHEICEH
= M7~ M 2 5 8 1 4 5 6
E (M) =M =
= DT = D for any diagonal matrix D. 3 6 9 12 7 8 9
T 10 11 12
a m c a d g ,
d e f = |m e h X
g h i c i v N v ,
Z




Matrix Scalar Multiplication

o Bl AZE} F (Multiplying a matrix M with a scalar
a =oM)
aM = almy my, my3 amy; OMy  OMy;
mg, M3 mgs3 omg; OGMzz Mg

Two Matrices Addition

0 Matrix C= A (r x ¢ matrix)@t B (r x ¢ matrix)2| A2

r x ¢ matrixO|Cf.

0 2 9 ¢ = A9l ijh A0 Bo| jjh Aol Fo|Ct

oc, —al.j+bl.j

= 16 4 4
12 -2 6
rxc

Two Matrices Multiplication

o Matrix CE A (rxn matrix)2F B (nxc matrix)2| &= rxcO|Ct.

o Z AL ¢ & A2 ith row?t BL| jth column?| vector dot
productor':f

=;aikbk,- 3+/18+48
30 7 1 (60] 35 52
* 6 4 9 = 10 115 -10
8 -9 4 70 38 75

nxc rxc

I t must match t t  columns in result 1

rows in result

Multiplying Two Matrices

R
Ci1 €2 Gz €y Cg5 a;; ap
Cy1 Cpp Co3 Cs | |fay axp
C31 C3p C33 [C3y C3p az; ay
Cq1 Cgp Cy4f Cyy Cy5 dq1 Ay

Coq = @31Mqy + a3My,

my; My, Mgz Mgy My;

my; My, Myz [Mpy My




Matrix Operation

Matrix Determinant

oM =IM=M(=

cto
OA+B=B+A:33H- oEéEEd*éIEI iR
OA+B+C) =(A+B)+C:HH-MH Mol A%
O AB #BA : HE-WH Fo| watHX 2 JEE|X| Y=Lt
o (AB)C = A(BC) : HE-MH FZo| A%
o ABCDEF = ((((AB)C)D)E)F = A((((BC)D)E)F) = (AB)(CD)(EF)

O o(AB) = (0A)B = A(aB) : 2Zet-HEH &
O a(fA) = (ap)A : AZE-ME &

o (VA)B = v (AB)

o (AB)T = BT AT

o (MM,M; .. M, {M))T = M.T™M__ ;T ... M3TM,™M,T

o WEHAO| Zf (The determinant of a square matrix
=

SH
O
M)Z M| Z2 “det M" 22 EA|EIT}
o Non-square matrix2| determinant £ H2|E|X| %=L}

IM| =|my; my,| =my; my,-my;my
mMy; My
M= ll = myy (M M - My M)+

my, (Myz My; - My; Mgs)+

My, m23
M3; [Mag

my; (My; My, - My, My;)

Inverse Matrix

Cofactor of a Square Matrix
& Computing Determinant using Cofactor

o JLHE M (square matrix)2| S&l H(Inverse of M)
MO 2 HA|BHC}
o - adiM
M|
o (M) =M

o MM =M™ = |
O The determinant of a non-singular matrix (i.e, invertible)
is nonzero.

0 The adjoint (FEFA &) of M, denoted “adj M"2 Of 21X}
SHHOI MA|HH (The transpose of the matrix of
cofactors T

) adiM = |cj; ¢p o3
Cy Cx;p Cp3

C31 C3p Cs3

o O QIX} (Cofactor of M= SHHE MO| idin} jE2
X 7{510] BHE A3 (Minor of M)2| Al (the
signed determinant)

o G = (1) | MU |

o ZHE (cofactonE ALETH n x n determinant A4k

| =3 me, = 3 m, by
j=1

IM]| < mn mp; Mz My | = My | My My My,
My My My Myy ms; M3z Mgy
my; 1Nz, Mzz Mg, my, my; My,

{12)
my; 1Ny, my; My -my, M
+my, [MIP

-m,, M|




Minor of a Matrix

o 2% (Minons= Y2 E Mol it j82 X AHSH
o=

=
S 2RSS M

Determinant, Cofactor, Inverse Matrix

m, m
1 12
y { )
my, My,
detM =m, m,, —m ,m,,
m —m
2 21
—my, my

ade=( m,, _mlzj

—my My

M= 1 my, — —mp,
detM\-m, m,

Determinant, Cofactor, Inverse Matrix

my my, My
M=\ my my m,
My My My,
detM = m11(m22m33 - m23m32)
—my, (m21m33 — My, )

+ m13(m21m32 - m22m31)

(m22m33 - mzzmzz) - (m21m33 - m23m31) (m21m3z - m22m31)
C= _(m12m33 _m13m32) (m11m33 _m13m31) _(m11m32 _m21m31)
(m12m23 - m22m13) - (ml 1My — m13m21) (ml 1My, — m12m21)
(mzzmss - mzzmaz) - (m12m33 - m13m32) (m12m23 - m22m13)
adjM =| — (m21m33 - m23m31) (ml M3 — m13m31) - (m11m23 - m13m21)
(m21m32 - m22m31) - (ml 1My — m21m31) (m1 1My — m12m21)
M= adiM

detM

Multiplying a Vector and a Matrix

(x y z])[p Py P.
% 9 9%

r, r, r

y z

(XPX tyq.tzr,  Xpytyqptzr, Xp, +Y‘1z+21’z>

Xp + yq + zr

o WE-#2o| 22 0|R3}0] FEH M2 (coordinate
space transformation)2 E3g = QU
uM = v // & MO| HIE

C

i
1E
m
<

i
re
ot




Multiplying a Vector and a Matrix

o OpenGL (Column-Major Order)Of| Af Bl E{-34 2 O]
v=M*u/ dE MO| 8IH yE #IH vE Het

a1
=]




