Geometric Objects
and Transformation

Geometric Objects
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o M (Line)

= 2 points: R, Q P(a)

= v=R-Q

P=Q+av=Q+aR-Q=0R+(1-0)Q ‘g

s P =o,R + a,Qwhere o + a, = 1 (affine sum)
o ™ (Plane)

= 3 points: P, Q R

=T, B)=P+oau+pv

m ne(P-Py) =0wheren=uxv
o 33X A (3D objects)
3R St Uel EH S HYOItt
H W (surface)0f| 2|8l 7|& %11, £0| HIRQALC} (hollow).
o 22 CtZY (convex polygons)2 2 A E 4= QUCt

2|9 Ef7*°4 (arbitrary polygons)2 &2} Ltz (triangular
polygons)2 2 Z&(tessellate) = C}.

Po°

Coordinate Systems

o 7| XHE (basis), v;, vy,.... v,
2A2|o| HIE| viE v=0,v,+ oy, +.... 40y,

O {oy, o, ....a,p= 7| X0 Cigt vel| g & (component)
O|Ct.

(m]

o 7|0 CHet ve| B (representation)2 3 & E £
2 YEE 7| & 5+ UL
o,
T |*%
a=[0l; O, ....0,] =| |
an

=
[

Frames

o OtEIZZt (affine space)2 M (point)S ZEHCL.

o AH(origin) 2 2 £ E 7|X1““E1§ EES Age
HAHS =Y (frame)O|2} B 2L}

o Z2Q: (Py vy, Vy V3)

o Z2f| oA HE O] BH: v=a,v,+ oy, +.... 70V,

o Z2 oM "l EAH: P = P+ By, + By, +... 4B,

v=[oy0,0;0]T

p=1[BiBBs1]T




Change of Coordinate Systems

Change of Coordinate Systems

o O|E =0, OpenGLO|M= 22 ZtEA S 0| oM
7|5 oottt A2|1 MA =aA=Z FATICL

U =Y VitYVatyisvs § v
- 3. f
Uy = Y21V T2 Vo TY23V3 Y
U3 = Y3V T3V TY33V3 v
Yn Yo Vi in
M=y, vn 7 2=
1
Ysi Yoo V33 i
_.-"
U 4l »
“a
U, | = M V, F"'J
Uy V3

Ve
v, 2

V=,V tO,V, T OV, = [Cll o, o5V,

V3

U
V—[Bl B, Bs)u,

U
[al o) F[Bl B, Bs)u, :[Bl B,

1V i Uy

.
a, ~a=M'b b=(M")"a
a;

Rotation and Scaling of a Basis

o 7N HEE9| el 3| (rotation)dt 2 7|(scaling)
Hel2 B EN CHE 7|5 HEHES| M2 /e
= ALt v

ML v'g 2
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Homogeneous Coordinates

vector v = Zal.vl. = [al a, a 0

point P=F,+) ay, = ¢, a a 1

a Q
a a
2 2
P= ,V=
a; a,
1 0

Change of Frames

o 2702 =2 (Por V1, Vo, V3) (Qq, Uq, Uy, U3)

W =y Vity Vo trisvs
Uy = V21 VitY2oVatY23Vs
U3 = V31V HY3VatY33Vs
Qo= Va1ViHYa2Va a3V 1P

u

U Vi
u, M v,
U, Vs
0, £
Yo Yo Y 0
M= Yoo Yo Ys O
Y Yn Ym0
Ya Yo Vs 1

Change of Frames

b 5 Y (P, vy, vy V3) (Qp Uy, Uy, Ug)OlA] H
= HlEO| Xt Zf& HTO|C}

u
Vs

U, Vi Vi
X u, ZbTNEé Vs -4 Vs
Us i Vs V3
lo] s} ia
Yu Ya Vi Vs
M7 = Yoo Yo T Ya Vi
Yis0 Y Vn Vs
0O 0 0 1
a=M"b

~b=M")"a

OpenGL Frames

HH|(22) EA (model-view coordinate system)
MA ZtEA (world coordinate system)

=(ZtHI2h) ZEA (camera coordinate system)
Eges 9l Z2|¥ (clipping coordinate system)
izt X ZEA (normalized device coordinate
system)

o Rl=2EHH) ZEA (screen coordinate system)

OOooo




General Transformations

Affine Transformations

o &XAtEE (homogenous coordmates)E AHE3BHCHH
HIE QL HS 4Kt S HHZ LIEL 5= QU
EEiI%'OHM Sy H%'E19| HSS H3st=
Het2 Folg 5= ULt

= f(p

)
—()

o OFEIHB (affine transformation)= MM (colinearity)2
T A2t
« 3 AMS BESC 3 HO| s BE HO| B SOIE
HotEl M o =XY st
o EESH 72| 9| H|g(ratio of distance)E 7 X|PHCL.
w 5, 8 M2 FH (midpoint of a line)0| #iEt 0= HEtEl
MEol SHO |x|°“:f
o P = f(P)
o P = f(aP; + BP,) = a f(Py) + B f(P,)

Affine Transformation

Affine Transformation

o 95#51 JejmAoM HRE St Heto| (iR E2
OfEl t3l0|C} OfE SIS 0|5 (Translation), 2|H
(Rotation), 2 7|2t (Scaling), 2 & (Shearing)=
iol-ol-['-

o HSE H P (x, y, z)E el P (xy, 22 MAXT
(linear comblnatlon)oé B3 é == ULH, e

X oy Op O3 Oy || X

' _ ay, Op Q. Oy | )

z' O3 O3 Oy Q| Z
1] [0 0 0 11

o BSE B P (x, y)= ®all B P (x, y) MAXT (linear

combination)2 2 E¥E 5= QUC}, je.

X = OL11 X + OL12y + (113
y 0 X + 0y + O3

1 1

X1 = oq1 gy oy3) *[ X
y Op1 Oy Op3 y
1 0 0 1 1




Geometric Transformation

| #ZHgeometric transformation)O| 2t
= 1 0l 7|5tet™ K E BEASH=E HQ|
dAE2 MER |IKIE &7|= &8 2|0|stCt
o O] I, 2K =2l HE= AO|2] ZAE FX[SHHA
StLto| Hete 2 ME2 MER |XI2 F7ICt
o Basic transformation
= O|F (Translation)
= 2|™ (Rotation)
= 37|#3 (Scaling)

OpenGL Column-Major Order

o 2D transformation matrix, M

)

o Point pZ} column vectorO|™ (OpenGL) :

o Point pZ}t row vectorO| H: p'=pM"

2D Translation

o O|& (translation)2 FO{ 7l &&f

A AtO|Cf
X' =x+ d;
y =y+d

2D Translation

o Lo 3EE A1 A= AN S ol seHrtH?

Translate individual
vertices




2D Translation

o 2D translation

X'=x+d,
y' =y +d,

O Inverse translation
x =x -d,
y=y -d,

O ldentity translation
X =x+0
y=y+0

Rotation

o 2K O AF (0,000 CHo 2= 6 2HF 2T (2D
rotation about the origin by 0)
]

0
® 0 > 0 : Rotate counter clockwise in RHS

gx, y)

’\e 0 < 0 : Rotate clockwise in LHS
{ ]

0= arctan(yj
X

OpenGL RHS CCW

2D Rotation

o Rotation of a point P(x,y) by 6 about an origin (0,0)

X = rcos (¢) y = rsin (¢)
X' =rcos(p+6) y=rsin (¢ + 0)

X _ rCO.S...(;j;-'-e) .............................. . . (X’, y’)
= 9.9.%.5.'.0.(.9)..
= X cos(0) — y sin(0) 0
y, rSIr.]..( ....................................... .(Xl y)

lér_r;T._(:J.c.@.eg.smc.e.._ b

y cos(8) + x sin(0)
x' B cos@ —sinf\ x
' “|sin@ cos@ y

X" = x cos(0) —y sin(0)
y' =y cos(0) + x sin(B)

2D Rotation

Rotate individual
Vertices




2D Rotation about an Arbitrary Pivot

2D Rotation

O Rotation of a point P(x,y) by 6 about an arbitrary pivot
point, (x, y,) :
P'= R(6) P
X' =X+ (X—X)cos0—(y—-y)sino
y =y, +(X=X%)sin0 + (y-y,) cos 0

o 2D rotation

R =(cos® -sinb

sind cos0O

O Inverse rotation

o RT =(cos® sind
o X Y) -sin®@  coso ]
d o ldentity rotation
xy)
(I) RO:O = 1 O l
% ¥, o
2D Scale 2D Scale about an Arbitrary Pivot

o 37|#Hgt (scaling)2 AHE scaling factor (s,, s)2 3
TFEALE A BHE 5= UCE F, O H[ZH| (affine
non-rigid-body transformation) 20| Ct,

o 37| HE2 D™ (pivot point)= ZHEICEH MHEFA
Kol 27[2t HX|= 0| otL|2t /X = HHRA EICt.

X' =X S,

y =ysy
@2) Hoawoe .
L] 22

(1.1

(44)

o Scale a point P(x,y) by a scaling factor relative to an
arbitrary pivot point, (x; yg) : P = S(s,, s,) P

X + (X = X ) S,
Ye+ (Y —¥s) sy

X' =xs, + X (1-5s,) " Scaled by
y =ys, +y(1-5s) o

Pivot point




2D Scale

2D Reflection (Mirror)

o 2D scale o BEAF (Reflection)= 73O CHSHO] 24| 7t
S —is 0 dhCjbero 2 wshe s Zo|c
X = HBHAL= ZHE (angles)dt 37| (lengths)S & ZESHCY,
0 s . .
y o 2D reflection over x axis
O Inverse scale X' = x [
S1 =(1/s, 0 y =-y o
0 1/s, ] o 2D reflection over y axis ®
; X' = -X 5
O ldentity scale - 5
_ y =y 5
S =10 ] o 2D reflection over (0,0) , =
0 1 s 1 ¥ ' o=
X' = -x
y =-y
2D Reflection (Mirror) 2D Shearing
o 2D reflection over a line, y = x o Y-52 BGX| QD x-= gsko 2 U2l (shearing)
v BB
- ' y = x ,
y' =X Ny X' =x+y hy
o 2D reflection over a line, y = -x y =Yy
. °p
X =-y x| = (1 w 017 [ X
y' =X " y 0 0 y
1 0 0 1 1

H,, — Shear y into x

4




2D Shearing

Homogeneous Coordinates

O=5% i = 4
o X-=2 HoLX| g1, y-= et Ct:
X' =X
y' =X hyX +y
X =1 0 03)* [ x
y h, 1 0 y
1 0 0 1 1

"

o 0|s, 2|H, A7|Het HE S 5517 ¢
(homogeneous coordinates)0|A{ Q| HEISHHZ HEFY A
A& 3L}
o Xt ZtE= 2Kl B P (x, y)= P
o (1,2 3)1 (2 4, 6)2 &2 SAZHE BHO|C

x
<
S
T Hu
|
rot
rot
i

Transforming Homogeneous Coordinates

3x3 2D Translation Matrix

T(dx, dy) =(1 0 dx o 2Kt HEtAEH2
SKZFEC| 3x3
oY Nz B 4
001 &
R(0) =(cos® -sin@ O
sind cos6 O
0 0 1
S(sx,sy) =(sx 0 O
0 sy O

0 0 1

o YHED HE O & (matrix-vector multiplication)2 2
HAEICH
X'| = [x]|+ [d
y y d,
X1=(1 0 d)*|x
y| o1 d |y
1 0O 0 1 1




3x3 2D Rotation Matrix

3x3 2D Scale Matrix

x| =(cos® -sind X

y' sind  coso y
x| =(cos6 -sin6 O
y' sind6  cos6 O
1 0 0 1

X =[s, 0 ][x
y' 0 s Jly
X =(s, 0 0)*]x
y' 0 s, O y
1 0 0 1 1

3x3 2D Shearing Matrix

Inverse 2D Transformation Matrix

X =(1 hylx
y hye 11y
| =1 h, 0] *]x
y' hyx 1T 0 y
1 0 1 1

T1 = 1 0 -d,
0 1 —dy
0O 0 1
R-1 cos®O sind O
-sin@ cos® O }
0 0 1
S /s, O 0
0 1/s, 0
0 0 1




Composing Transformation

o Composing transformation O|2F O{&{ 7§9| &S
MU 2 HEA|AHAM StLte| Hetg 0|F = 1F0|C}

o o S Hetsta{ 0 St SHAHO| B 71Ol Hetol
HEZ 5L HEo| gdE st 20| Ol AES
Ho| S8ICE Q = M3 - (M2~ (M1-P)) =M3-M2-M1-P

(pre-multiply)

M
Aot Al (associative)s THSSHCL

(M3 - M2) - M1 = M3 - (M2 - M1)

Transformation Order Matters!

WEHHE! (commutative)O| ‘d &ISHA| =L},

o et Ao SH2 uWetHA 0| JESHA| =Ct
o Zrep 22 Hgh AEO|2f St EtE &ot= =AM et
29| CHE AutE 7HE = AU

2D Rotate about an Arbitrary Pivot

o 229 ¥ P(d, d)0IM 6 2tF 2XH 2|
1 T(-d, -d)

2. R(0)

2 T, d)

1 0 d,f{cos®0 -sin6 O0|/1 0 -d| = cosO -sin@ d,(1-cos)+d, sind
0 1 dy|/sin® cosd 0ofjo 1 - sin  cos6 dy(1 -cosb)-d, sind
1{/0 0

Yy
0 01 0 0

M & S

1 0 0 1

2D Scale about an Arbitrary Pivot

f i T I
T(-d,-d,) R(6) T(dy,d,) = R(d,, d,, 6)

o 9olo| H p(d, d)E FAo=E 27wk

T(-dy-d,)- S(s,, 5, T(d,d,) = S(dy, dy, 5, 5,)




2D Scale in an Arbitrary Direction

Example: 2D Rotate about an Arbitrary
Pivot

o Yo|o| Hko 2 JAT|R S (by rotating the object to
align the desired scaling directions with the coordinate
axes before scale transformation)

1. R0)
2. S(s, sy)
3. R(©)
cos® -sin@ 0 |ls, O 0|[cos® sin® O 5,008%0+s,5in0 (5,-8y)cosOsind®
sind  cos6 0 |[0 s, -sin® cos® 0 (5,-8y)cosBsin® 8,C08%0+s,5in%0
0 0 10 o0 1 0
S

R(6) R(6)

)’

0

0

|

L

. o
E CLI' AI-7|-0=|E

CENNCAINER

a1 o
A (2,2)0f Ci5t0] 455 2|52} 5 ;R4
1. Translate point to origif} ={ 2} A
— { TH
2. Rotate 45 degreesy, _|-707 =707 1~ X
707 707 eress

2
3. Translate back to original locationl’, = {2}

4. Composite transformation P = RP+ T) + T,

g (K K

Example: 2D Rotate about an Arbitrary
Pivot

Example: 2D Rotate about an Arbitrary
Pivot

o P, (1,1)
"707 —707)T1] [-2]) [2] {°
B'= + + 4
_707 707_ 1 _2 2 o) NS W 78 W
:'.707 ~707(T-1 . 2 - ,C‘ )
707 707 || -1 2 T
[0 } {2"
= +
~1.414 | [ 2]
_' 2
~10.586

oP,(3 1)

707 -707([3] [-2 27
P2‘: + + 4
707 707 |([1] |-2 20 A __
{707 —707}('1}] ﬂ Lge
+ ——
707 707 ||-1]) |2
1.414
0
[3.414
|2




Example: 2D Rotate about an Arbitrary

Example: 2D Rotate about an Arbitrary
Pivot

Pivot
o P;(3, 4)
(707 =.7071([3] [-2 2
P'= + +
il (M| B

)
1707 =707 ([ 1] [2 ! N
= + 0 H -
707 707 \|2]) |2 2
707 [2
= +
2121 |2

[1.293
4121

o Result:

o = QW = U
L]
= 2 W & Ul
’r

=

Bt M AZEsiol M A H (2,28 FHeE P
(1, 1), 3, 1), 3, 4) et 2
(2, 0.59), (341, 2), (1.29, 4.2)

Example: 2D Rotate about an Arbitrary Pivo

Using Composite Transformation Matrix

Example: 2D Rotate about an Arbitrary Pivo
Using Composite Transformation Matrix

o HE (1,1), B1), BHE e 8 HZES F 20
thtof 455 2| stat

o P'=T(22RA5T(-2,-2)P =M P
M= T(zz)R T -2, 2))

1 0 2]cos(45°) —sin(45°) 01 0 -2
=10 1 2] sin(45°) cos(45°) 00 1 -2
1|0

0 0 1 0 0 0 1
707 -707 21 0 -2
=.707  .707 2]{0 I - 2]
0 0 1jo 0 1

=.707 707  -.828|=
0 0 1

707 =707 2 ]

1. P,

707 —707 2 1 2 4
P'=MP =|.707 707 -.828]1|=].586 4
0 1A
1
2. P, 707 —.707 3414 55
P'=MP,=|.707 .7 — 828
0 o
3. P, 3
707 —.707 1293] 2 )
P'=MP,=|.707 707 -.828(4|=|4121] o T
0 0 2 3 4




